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NOTATION S 
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Cro ss sec t ion area of one s t irrup 
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0 . 8 5 f ' b c 
The leng th over which curvature is measured at  middle support 
wid t h  of t he beams 
Compres s ion for c e  on a concrete  c omp r es s ion block 
Dis tance from extreme compres s ion fiber to neutral axis 
D iamet er of standard cylinder 
Effec t ive dep t h  of t he beams 
The cover of the ou termo s t  bar mea sured from the st eel 
cent roid 
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Ac tua l  modulus o f  elas t ic ity from t es t ing 
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Me flexure stress = Jf 
Concrete str es ses at working load 
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Ac tual sp lit cy linder strengt h 
S p l i t  cylinder st;engt h o f  f ibrous c oncr ete 
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Compres s ive streng th of concrete f or standard s ize 
cyl ind er s 
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Moment o f  inert ia of a crac t ed sect ion transf ormed to 
c oncrete 
Moment of iner t ia o f  a cracked f ibrous concr ete sec t ion 
Ef f ec t ive moment of inertia for  plain concr e t e  
Ef f ective moment of  inert ia f o r  f ib r ou s  concrete 
gro ss moment of iner t ia o f  the s ec t ion neg lec t ing t ne s t eel 
K 1 - -
3 
Rat io o f  t he depth o f  the neutral axi s  measur ed from t he 
ext r eme compres sive f ibers to the ef f ec t iv e  depth 
K a t  ult imat e load 
K at limit stat e 1 
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S pan l eng th o r  leng t h  o f  the cylinder s 
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L imit s tate when s teel yield s 
D ev elopment leng t h  
Moment 
Moment at servic e load at mid span 
P la s t ic moments  at A and B 
F ixed end moment a t  A and B 
Cracking moment 
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Load r ed istr ibu t io n  factor P /P  
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Exp er imental lo ad red istribu t ion f actor P '/P ' u y 
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S t eel Fiber 
Tens ion force in main steel reinf o r c ement 
Maximum shear ing force 
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vu 
Ult ima te shear stress b.d 
Unit weight of concr ete 
Maximum track wid t h  
External wor k 
Internal wo rk 
Wat er cement rat io 
The d istance from t he load to ou t s id e  support s  
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The d istance from point of z ero mom ent to  t he m iddl e  suppor t 
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p . m1.n 
Curvature distribut ion f actor 
A fac tor equal to 0 . 85 for f c' � 4000 p s i  which decreas e s  
by 0 . 05 f o r  every increase in streng th of  1000 ps i 
Rat io o f  t he d is tance to t he neutral axi s  f r om t he extreme 
t ens ion concrete f iber , to the d is tanc e from t he neutral 
axi s  to the centro id of the t ens ile s t ee l  
C hange in leng th a1 due t o  rotat ion 
Change in_length a2 due to rota t ion 
Axial deformat ion 
Def lec t ion at assumed service load 
P la s t ic def lec t ion 
S . �L tra1.n L 
Con cr e t e  strain 
S t eel s tra in 
Pla s t ic stra in = e: - e: cu cy 
Ult ima te concret e s tr a in 
Con cr ete s train when s teel yield s 
Concr ete s tra in at  limit  s tate  L
1 
S t ee l  s tra in at limit state L1 
( y ield s tr a in of  s t eel) 
load S tr es s  = -­area 
As 
Tens ion s teel percentage = bd x 100 
Ma in s teel percentag e f or a balanced s ec t ion 
P er c en tage of steel f ibers 
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Ed Curvatur e 
Kd 
Elas t ic curva tur e 
P la s t ic curvature 
Ult imate curvature 
Curvature a t  y ield 
<Pu 
du c t ility index <Py 
Duc t il ity index for f ibrous concr e t e  ( 1  + 3 . 1 p ) � s 
Ro ta t ion 
Elas t ic r o ta t ion 
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P la st ic r o t a t ion at f a ilur e  
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-- - y 
K E ( 1-K ) u s u 
Angl e  of  the tangent drawn to t he middle suppor t a t  f a ilure 




1 . 1  A General Overv iew 
Dur ing t he development of structural eng ineer ing , many ideas 
and c oncep t s  were cons id ered and tested . A g r e at d eal of r esearch 
ha s been d one on r e inforced concr et e ,  which plays a s ignificant role 
in current s tructural construct ion . Over the past  d ecades t her e 
has been a competition between concrete and st eel struc tur es . Bo th 
conc r ete and steel s truc tur es have some advantag es and d isadvantag es . 
Obv iously , d ep end ing on the type o f  s tructure ,  c ho o s ing the r ight 
alterna t ive is impor tant . 
Reinforced concr ete s truc�ures , unl ike s teel s tructur es , 
t end �o f a il in a r elat ively br ittle manner because the d eformat ion 
capac ity of r e inforced concrete is limit ed . When dynamic loading s 
ar e invo lved , concr ete struc tures ar e no t su itable b ecau s e  they canno t 
absorb stra in energy as  e�fic iently as  steel . 
( 20 )  
S truc tural steel 
has t he abili ty to take a great deal of inelas t ic r o ta t ion at  the 
so -c alled "plast ic-hing es" wher e the highes t moment is app l ied . This 
o ccur s because of the stra in-harden ing eff ect of  steel that .t akes 
place long after the y ield streng th o f  steel is reached . 
Ther e is a very impor tant d if f erence in the p la s t ic des ign 
of steel struc tur es and re inforced concr ete s truc tures . In ste el 
s truc tur es the mo st impor tant con s iderat ion is t ha t  the s t ructure is 
able to develop enough pla s t ic hinges to crea t e  a mechanism in the 
2 
s tructures to caus e  a co llapse . Ther e is l it t le a t t en t ion pa id to 
the str a ins develop ed in the cr it ical sec t ions dur ing the r ed is­
tr ibut ion of  moments . The reason for this is that st eel has a 
s ignif ican tly hig h s tra in energy absorp t ion cap ac ity and is abl e  
t o  take the inelas t ic deforma t ion . O n  t h e  o t her hand , the s tra ins 
in r e inforced conc r ete are far less than t ho se in the r egular mild 
s teel; t her efo r e ,  it is po s s ible that the strain capac ity of r e in­
forced concrete plast ic hinges r eaches its maximum value. bef ore full 
r ed is tr ibu t ion of moment s .  If r e inf orced concrete is capab le of  
absorb ing the. stra in energy at the cr i t ical s e c t ions , and is able 
to underg o  cons id erable deformat ion without a r educ t io n  in its  load 
carrying capac ity , sudden and catastrophic f ailures can be avo ided . (�O) 
1 . 2  Concept of Limit-State Des ign 
Concrete is a complex and het erogeneou s mat er ial.  In the 
pa s t , the theory of reinf orced concrete des ign has been inf luenced 
by a philo sophy of des ign assoc iated with s t ee l  s tructur es . The 
theor ies for  the behavior of r e inforced concre t e , in which it was 
cons idered as a comb inat ion of  two ela s t ic mat er ial s ,  have proven 
to b e  inadequate . ( 6 ) When a reinfor ced concre t e  s tructural member 
is loaded in low stresses it behaves very nearly elas t ical ly . When 
load s ar e inc r eased to hig her s tages it is f ar f r om an ela s t ically 
l inear stress-s train relat ionship . This is cau sed by t he spread of 
small microcrac ks that result  in internal d isplacements which are 
nonr ecoverab le . ( 6 ) B ecau se of the se complex it ie s  and the d if f er ing 
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test resu l t s  on the streng th and d eformat ion o f  r e infor ced concr ete , 
it is benef ic ial to establ ish simple , rel iable and r eal ist ic methods 
and calculations for the des ign of concret e s truc tures . 
It  wa s A .  L .  L .  Baker's ( 6) idea that , "Although g enerally 
g iven p ermiss ible values f or working load cond it ions, bu t actually 
had f ic t it ious valu es based on the results of  t es t s  to det er mine 
the u l t imate resistance of r�inforced concre t e  member" .  The theory 
of ela s t ic ity of ten gave d ifferent resu l t s  than the ac tual s tresses 
that developed in- structures imply becau se of the inela s t ic ef fec t s  
that inf luenced the stress d is tr ibu t ion . 
P last ic desig n ,  or the so called l imit-st ate d e s ign o f  con­
cret e ,  is the mo s t  realis t ic method u sed becau se it cons iders the 
ultimate resis tance of  the const ituent ma ter ial s .  The structure 
is designed on the basis  of  its ul t imate s treng th o r  l imit-states; 
in other word s ,  a limit-s tat e may be def ined a s  "a cond it ion of  a 
struc ture at which it ceases to funct ion in the manner . f or which it 
was desig ned" .  ( 6)  
1 . 3  Inelast ic Behavior of  Re infor ced Concret e 
When a reinf orced concrete s truc ture is subj ected to an 
earthquake or to blast load ing , it s a b il ity to deform inelastically 
together with its ab il i ty to carry load is important . ( ll )  Suf ­
f ic ient duc t il ity is requ ired at the c r it ic al sect ions for the re­
d istr ibu t ion of the in ternal moments in order to have a f lexible or 
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duc t ile co llap se . In an under-r e inforced s ec t io n ,  af ter the s teel 
has yielded , the compres s ion s ide of t ha t  sec t ion has to be able 
to take enough ro tat ion in order to reach a mechanism and develop 
the ult imate load capac ity of the stru c ture . In the l imit-des ign 
metho d  of reinf orced concret e struc tures , the d is tr ibu t ion of moments 
at f ailure when a mechanism occurs ar e d iff erent than the d is tribut ion 
of the elas t ic moment s  at working lo ad s . This is becau se of t he 
moment red istr ibu tion . The l imit d es ign method is a c orrec t met hod , 
if the f o llo wing cond i t ions are sat isf ied : 
1 )  mechan ism cond it ion : Suff ic ient p l as t ic hinges mu st be 
f ormed to develop a mechanism in the who le or part of 
t he s truc ture . 
2 )  limit equ ilibr ium cond ition : The bend ing moment d is­
tr ibut ion mus t  be in equil ibr ium with the appl ied load s . 
3 )  yield cond it ion : The p las tic o r  the u l t imate moment can 
no t be exceeded at any par t of the s truc tur e . 
4 )  rotat ion compatib ility cond i t ion : Ther e has t o  b e  suf­
f ic ient inelas t ic r o ta t ion capac ity at the plast ic hinges 
to allow the s truc ture to develop a mechanism .  
To pr event a b r it tle failure o f  reinfo rced concrete , it 
mu s 't have a hig h  ult imate s train capac ity . When concre te has a lo w 
ult �at e s tr ain , plast ic hinge rota t ions depend ing primarily on 
concrete compr ess ion are small . In cr it ical cases , this reduces 
t he degree of  moment red istr ibut ion unless t he ult imat e strain can 
be incr ea sed . ( lS ) 
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The ul t imate compress ive str ain o f  concrete can be incr eased 
simp ly by add ing secondary st eel reinforcement in the c oncrete mem-
ber . Research has b een done on this idea and p os it ive resul ts have 
been obt ained . ( 1 1  13 1 7 )  Re sear cher s ' ' have conclud ed that the add i-
t ion of second ary st eel , in add it ion to the main r e info rcement, adds 
suf f ic ient duc t ility to concre te in ord er t o  develop i t s  r equ ired 
p las t ic rotat ion . S econdary s t eel is con s idered to b e  double rein-
forcement, c lo sely spaced b ind ing ( st irrup s ) , and f ib er s , etc . S ec-
ondary r e inf o rcement has apprec iable ef f ect on duc t il it y  in o ver­
reinforced member s .  ( 4 0) Und er -reinforced members app ear to have 
mor e  abil ity to rot at e  than the balanced o r  o ver-r e inforced con­
c�et e  member s .  ( 9 , 15 , 40 )  S t irrup s and steel f ib er s  increase t he 
duc t ility of concrete; ther efor e ,  they incre as e  the compress ive 
s train by reduc ing the internal crack gro wth . 
( 40 )  
1 . 4  Def ini t ion of S teel Fiber s and F ibrous Concrete � 
S teel f ib ers ar e small and thin mater i al s  that have d if f erent 
standard sizes and shapes . They c an b e  str aight , hoo ked at the end s ,  
o r  defo rmed. S teel fibers are sp ec if ied by the ir aspect r at ion , 
which is the rat·io of the ir length to d iamet er ( Lf / df ) .  
Fibrou s concr ete is a comp o s it e  mat er ial cons ist ing of co n-
· crete matr ix and s teel f iber s . S t eel f iber s ar e add ed to  the wet 
c oncret e mix, and it is porpor t ioned to the conc r e t e  on the bas is 
of vo lume p er c entage; it no rmally var ie s from 0% - 1 . 5% o f  concret e  
vo lume . T h e  main purpo se behind the add i t ion o f  s teel f ib er s  is 
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the improvement found in duc t il ity and crack arr e s t . Af ter the fib-
rous concrete  has crac ked , the s t eel fiber s  will have the charac ter-
ist ic s  o f  ten s ile steel and take the t en s ile fo rces . 
1 . 5  His tor ical Background 
The subj ec t of l imit des ign of conc r ete is r elat ively new . 
Through t he pa s t  3-4 decades it has been preferr ed o ver the so-called 
cla s s ic al ela s t ic theory . The turning po L�t o ccured in the 1940's 
when Profe s sor A .  L .  L .  Baker , Professor of  Concrete  S truc tur e s  and 
Technology at the Imp er ial Co lleg e of S c ience and T echnology in 
Lond on , develop ed the idea of inelast ic behavior of r e inforced con-
cret e . Professor Baker pro ved by theory and exper imental wor k  that 
reinforced concrete , esp ecially under -re inforced concrete , could b e  
a very duc t ile mat er ial . Baker sho wed that under-r e in forced con-
cret e could withstand add i t ional load s and d efo rmat ion aft er the 
y ield p o int o f  the ma in re inforcement was reached . 
Many researcher s have r ealized t he effic iency and impor tance 
of p last ic analy s is in reinforced conc rete . S ince the 1950 ' s Lhere 
has been research done on inelas t ic behavior o f  r e inforced concr ete 
in England , Germany , France , Canada , U . S . and Ind ia .  
'15)  In 19 5 5 , W .  W .  L .  Chan' conc luded tha t  la teral b ind ing 
increa s es t he rotation cap ability of reinforc ed concr e t e . Chan also 
concluded that under-re info rced sections develop hig h  duct il ity and 
pla s t ic rotat ions . 
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M .  Z .  Cohn ( l
?) , in 1963 , es tabl is hed a tes t program on r e-
dundant r e inforced concrete beams and conclud ed tha t  as  l ong as  the 
ma in s teel percen tage ( p )  i s  les s than 2 and t he d istr ibut ion factor 
P /P do es no t exc eed 1 . 6 , ful l  moment r ed is tr ibut ion can be ob­u y 
ta ined . In 1 9 80 , Kau skik, Ramamur t hy ( 2
?) and Kokeuja ( 2 7 ) had the 
same result concern ing p ercentage of ma in s t eel t o  be les s than 2% 
at crit ical hing es . They al so ment ion tha t  if the rat io of test  
and calcu lat ed u l t ima t e  loads is grea t er t han 1 . 25 enoug h moment 
red is tr ibu t io n  will occur in order t o  achieve a d e s irable co llap s e . 
Alan Mat tock,  in 1 9 64 , ( 3 3 ) c oncluded tha t the c ompres s iv e 
stra in o f  concrete is much grea ter than t he t heo r e t ical value o f  
. 003 . Ther ef ore , the ul_t imat e  curvature can a lso b e  much greater 
than the value calculated by as suming . 003 f or c omp r es s ive strain ; 
as a resu l t  o f  this , t he inelas t ic ro ta t ion occur ing in the hing ing 
reg ion a t  maximum moment is cons iderably greater t ha n  m ight be ex­
.pec ted . The Bri tish Code CP llO
( l3 )  
suggest s a value of 0 . 0 03 5  for  
the  cru shing s tr a in of  concrete . Bishara , Londo t ,  Au and S a s try ( l
Z ) 
conc luded in 1 9 7 9  t ha t  the plas t ic ro ta t ions calcul a t ed were very 
clo se to t he measured values . But , ther e are many t ediou s calcula-
t ion s and as sump t ions invo lved with ro tat io n  capa c ity . Many re-
searchers have concluded that these calculat ions are no t neces sary . 
Beckett ,  in 1 9 67 , ( 9 )  ment ion s the d if f iculty o f  the r o ta t ion cal-
cula t ion and the controversy that ex is t s . 
In 197 5 ,  the importanc e o f  conf ining t he compres s io n  zone 
of  concr et e  was p roven in a t es t program designed by Desayi , Iyengar 
and Reddy , ( 20)  and the result was as  expect ed ; t he duc t il i ty o f  a 
conf ined c ompre s s ion zone is cons iderably gr ea t er t han unconf ined 
members .  
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A very impor tant par t of  l imit-state d es ig n  i s  the calcula-
t ion of the p las t ic hinge leng th. I t  is usu ally drawn and analyz ed 
as if it  was a p o int , but actually it develops  over a f inite l eng t h  
that c an b e  measur ed and a l s o  calculated . A .  L .  L .  Baker ( 6) r ecom-
mended a saf e value equal to the effec t ive dep th d ,  which many re­
searchers have used and agr eed upon . In 1 9 5 5 , Chan ( l5 )  c oncluded 
that in a unif ormly d istr ibuted load ing in cont inu ou s  b eams , the 
pla s t ic hing e leng th does no t exc eed one tenth o f  t he clear span 
( L/ 10) . He also mentioned in 1 9 62 , 
( l4 )  
t ha t  the h inge leng t h  could 
range f rom about 0 . 4 0d to 2 . 4d on a · g eneral ba s is . The Inst itu t ion 
of C iv il Eng ineer ing research committee ( ICE) ( 2 6 )  r ecommended a 
widely u sed equat ion to calcu late HL . HL = K1 K2 K3 ( Z / d )
1 1 4 ( d )  
where : K
l 0 . 7  
Kl 0 . 9  
K2 1 
K3 
= 0 . 6  
K3 
= 0 . 7 5 
0 . 9  
mild steel 
co ldworked stee l  
inf luence o f  axial 
f c 
f = 6 Ks i 
f c 
f 4 Ks i 
f ' = 2 Ks i c 
load 
Z d is tance f rom c r i t ical sec t ion to po int o f  contra-
f lexure .  
Wr ight and Berwanger ( 5 l) , in 19 60 , also r ec ommended a h ing e 
l ength equal to the ef f ec t ive d ep t h ,  (HL= d ) . In 1 9 6 2 , B erwanger ( lO )  
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stated that in a case of elas t ic-strain hard ening mat er ials like 
reinf orced conc r e t e  the hing e leng th can be d e t erm in ed from the 
moment d iagram a t  the actual ultimate load , when M of the c r i t ical u 
sec t ion ha s been reached . The hinge f o rms at m id span My and sect ions 
with greater moment s t han MY ·  He also said tha t  this leng th i s  
normal ly gr ea t er than the ef f ec t ive d ep t h ,  and t heref o r e , t he re-
qu ired rota t ion is less when HL=d i s  assumed . 
In 1963 , Cohn and Petca ( l ] ) came up with a va lue rang ing from 
. 3 0d to 0 . 9d ,  whic h is a saf e  and conserva t iv e  value tha t  reduc es t he 
r equ ired ro ta t ion lead ing to a saf er saf ety f ac tor . They also re-
commend a valu e  o f  . 5  to . 6  for S the shape factor or curva tur e 
d is t r ibu t ion f a c tor . T he pr eced ing research wa s condu c t ed on p la in 
reinforced concr e t e ,  and no inves t iga t ion was done on t he inela s t ic 
behavior o f  f ibrous concrete .  
The eff ec t s  o f  s teel f iber on r e inforced concrete proper t ies 
and behav io r ha s b een tested and analyzed in past  year s . These 
ef f ec ts will be d ivided into d if f erent cat egor ies as f o llows : 
A .  Compress iv e  s tr ength of f ibrous concrete � 
The eff ec t  of  s teel f ibers on the c ompre s s ive s tr eng t h  o f  
concrete ha s been tested b y  many researcher s dur ing the 
past two d ecad es . In June , 1 9 7 9 , Halvor s en and Kes ler ( 22 )  
conc lud ed that the compres s ive str eng t h  r ema ins prac t ically 
unchanged by f iber cont ent or even t he typ e of  f ib er s .  
Swamy , ( 4 8 )  in 1982 , repor t ed that c ompress ive strengt h  o f  
f ibrous c oncrete increased b y  only 12- 15% . J it r endra-Anil 
( 2 8)  
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in 1 9 7 2 , also co ncluded that compr es s ive s tr ength increa se , 
of f ibrou s concrete was no t appr ec iable . 
B .  Def l ec t io n  
Def l ec tion cont rol i s  a very impor tant a sp ec t  o f  concrete 
s truc tures becau s e  high def lect ions in c o ncrete stru c tures 
at serv ice load s could lead to  large cracks and o t her prob-
!ems which have to be cont rolled .
/
' Ther ef or e ,  r e s ear cher s 
tr ied to  test  the ef fec t  of f ib er s  o n  the d e f l ec t io ns o f  
concrete  struc tural member s .  In 1�75  Swamy , Alnoor i ( 48 )  
c o nc lud ed that a t  maximum load , def l ect ion o f  f ibrous con-
crete is twice as  much as in the pla in concrete b eams . 
Swamy ( 4 9) als9 states � in a paper in 1 9 L 9 , t ha t  t he f ibers 
incr ea se the s t if f ness of the beam and co ns e quently , r ed ce 
·-- --- ---------- ---
t he def lec � io ns at  working load . In  1 9 82 , a r esearch ex-
- --=---------
p er iment on the ef f ec t  of steel f iber s on co ncr et e , ( J4 )  
c o nc luded that b eams conta ining s teel f ib er s  are very ef fec-
t iv e  in resist ing def lect io ns in all stages  o f  load ing . The 
mo s t  eff ec t ive resul ts wer e obta ined when lower p ercent of 
ma in s teel was used . 
C .  S tr a ins and duc t ility 
Duc t il ity , an important is sue in des ig n  of r e inforced con-
cret e , has b een co ns idered and tested in prev iou s research . 
S teel f ibers have proven to be very ef f ect iv e  in increas ing 
concr ete duc t il ity . In August , 19 79 , S wamy r epo r t ed that 
steel reinforcement with y ield str es s  o f  88 Ks i can be u s ed 
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in f ibrou s concrete , and such b eams contr ol bo th cracks and 
def l ec t ions . More importantly , this improves  p las t ic d e-
f orma t ion apprec iably a t  fa ilure. In S ep tember , 1 9 8 1 , 
( 4 7 )7 Swamy-AlTaan showed that the presence of  f ibers allows 
the use of high s treng th st eel bar s  up to 100 Ks i ,  so crack 
wid t hs and def l ec t ions can be controlled . Concrete is known 
to have an u l t imate s tr a in of around 0 . 003-0 . 00 3 5 , which is 
used in theor e t ical computa t ions. · Th is c ould be unsa t is-
f a ctory in some cases where high inelas t ic d ef o rmat ion is 
r equ ired . Tes t s ( 4 9 )  have shown tha t  concr ete s tra ins on t he 
c ompr ess iv e  f ac e  o f  the beams a t  load s pr ior to fa ilure var ied 
from 5 2 4 0  to 6 62 0  x 10- 6  ( in / in ) f o r  beams r e inforced with 
s t ee l  fiber s . This shows tha t  the ult imate strains c ould 
be a lmo s t  d oub led by the use of  steel f ibers . 
D .  S t if fn es s  ( fl exural r ig id ity) 
S t if fne s s  or f lexural r ig id ity i s  probably one of t he mo s t  
controver s ia l  and important is sues surround ing r e inforced 
concr et e .  The reason for  tha t  being the var iable eff ec t ive 
moment of  iner t ia ( I e) . Dur ing the s tages of  load ing the 
moment of iner t ia of t he member is no t constant , and it 
var ies from on e sec t ion to the o ther . Theref or e ,  an average 
value is used f or I which is adop t ed by the ACI Code . In­e 
e lu sion o f  steel f ib er s  increases the f l exural r ig id ity and 
decrea ses the d ef lec t ions o f  the s truc tural member . ( S O) 
1 . 6  Appl i ca t i ons o f  S teel F iber � 
The use o f  s teel f ib ers in ac tual cons truc t ion is limi ted 
because i t  is not well known among contrac tor s , and it is also a 
fai rly new concep t b e ing introduced t o  th e wo rld o f  reinfo rced con-
crete . Recent extensive research proves the superiority o f  f ibrous 
1 2  
concrete over p lain concre te . This has encouraged eng ineers and con-
tractors to use s teel f ib er s . S teel f ibers are used f o r  dif ferent 
proj ec ts and purp oses . 
1 )  Bri dges and deck overlays : f o r  bet t e r  perf o rmance and 
repair .  
2 )  Highways , s t reets and airpo rt runways :  whe re impac t 
loads are s igni f i cant , s teel f ib ers help the f a t igue 
l i fe and duc tili ty of the overlays . Ano ther advantage 
i s  that it cou ld be poured in thin se c t io ns which would 
be e conomi cal . 
3 )  Pipes : the b enef i t  of  us ing thinner p ip es . w i th increas-
ing s t reng th on the outs ide edges f or p ro tec t ion agains t 
acci dents during handling is apprec iab le . 
4 }  Indus trial f loors : by reducing the amount o f  concrete 
us ed and increas ing allowab le working s t re s s e s  and re­
duc tion in maintenance and repair cos ts . ( 3 5 ) 
5 )  S t ructural uni ts : the advantages in this app l icat ion 
includes reduction in thickness of deck slab s ,  t her efore , 
reducing the weigh t and ease of handling and increas ing 
crack resis tance and ductility at failure a lo ng with 
. ( 3 5) highe r load cap ac� ty . 
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1 . 7  Obj ec t ive and Scope of Inves t iga tion 
The Qain objec t ive of t his exper imen tal inves t igat ion is to 
s tudy the ef f ec t  of s teel f ib ers on the pla s t ic rota t ion o f  r e in­
forc ed concret e in c on t inuou s b eams . This research also s tud ies 
t he ef f ect of  s t eel f iber s  on the b ehav ior and some of  the propert ies 
of reinforc ed concrete . The emphas is will ma inly b e  on : t he modu lu s  
o f  elas t ic ity , ef f ec tiv e  moment of iner t ia ,  d e f l ec t ion s , c r a c k  wid t h  
and d is t r ibu t ion , compres s ive s treng th,  duc t il it y ,  t ens il e  strengt h ,  
(modulus o f  rup ture tes t and s p l it cyl ind er t e s t ) . 
Fo r the purpose of  t his research ,  ten beams wit h d if f erent 
main r e inforc ement and percentag e of s teel f ib er s  wil l  be  mad e . The 
ef f ec t  of t he var iables (main st eel and % s t eel f iber s )  on the leng th 
of t he plast ic hing e ,  curvature d istr ibu t ion fac tor , duc t il ity and 
pla s t ic r o ta t ion capac ity of re inf orced conr ete will be c lo s ely 
analyz ed .  In add i t io n ,  concrete cyl ind er s will b e  u s ed to det erm ine 
the t ens il e  s tr eng t h ,  c ompres s ive str ength and modulu s of ela s t icity 
of pla in and f ibrou s concrete . 
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SOUTH DAKO T 
CHAPTER I I  
ROTATION CAPACI TY OF RE INFORCED CONCRETE 
2 . 1  Ro ta t ion Capacity 
The calcu la t ion of r o ta t ion capac ity of  r e inf orced concrete  
has proven t o  be very ted ious and complex. There are some reasonable 
as sump t ions made in ord er to get sa t isfac tory r esul t s  tha t  could be 
compared to t he ac tual ro tat ion s. In general , ro tat ion is the in-
tegral of curvature. The curva ture can be evaluated a t  any s tag e 
o f  load ing and be integ ra ted over a f inite leng t h  to g ive the ro-
tat ion occured over a des ir ed leng th (more on curvature la ter in 
this c hap ter) . 
The total ro ta t ion up to failur e tha t  occurs a t  a cr it ical 
sec tion cons is t s  of  two maj or par t s .  
1) Elast ic ro tat ion " e e" which i s  t he rotat ion up t o  f ir s t  
y ield o f  ma in r e inforcemen t .  
2 )  P la st ic rota t ion " e  " from f ir s t  yield up t o  f a ilure. p 
p la s t ic r o t a t ion e is a muc h  larger amount compared t o  p 
elas t ic ro tat ion e s imply because t he sec t ion i s  not e 
The 
taking any e-xtra moment , and ther ef or e ,  the low res traint 
causes  exc es s iv e  rotation. The calcula t ion o f  elast ic 
ro tat ion could be perf ormed without any problem . The 
elas t ic rota t ion at a suppor t can be evalua t ed at any 
s tage from the f o llowing equat ion : 
e = A, 9-e '�' e ·  ( 2  . 1) 
d 
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M sc where ¢e = is the elas t ic curvature (EI ) or Kd ( F igure 2 . 1 )  
t -- des ir ed leng th 
s = concret e  s train c 
Kd d is tance from neut ral ax is to extreme c ompress ion 
f iber 
EI f lexu ral r ig id i ty as sumed cons tant t hroughout ·t he 
ela st ic range . 
• • E s F igur e  2 . 1  
S tra in-Curvature rela t ionship 
The p l a s t ic ro ta t ion 8 can be expr essed as  t he to ta l ro ta­p 
tion ac cumula t ed along a sho r t  reg ion (HL) '  wh ich i s  t he p las t ic 
hing e leng th ( more on hing e leng th later in this chap t er ) . E quat ion 
( 2 . 2 ) s hows a g enera l  form of this value . 
8 = f f\ ( cp -¢ ) dQ, = cp • HL p 0 u y p 
where ¢u = u l t imate curvature 
cpy curvature at yield 
�p p la s t ic curva ture ( f igure 2 . 10 )  
( 2 . 2 )  
The pla s t ic rota t ion i s  equal to the dashed ar ea in f igur e 
( 2 . 10)  and as it is apparent this value is no t exac t because the 
I 
/ 
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curvature is no t cons tant along the hinge . . ( 17 18)  In some l1terature ' 
the valu e  o f  ¢p . HL i s  mul t ip l ied by a sha pe fac tor or curvature d is­
tr ibu t ion f ac tor ( S) . 
Theref ore equat ion ( 2 . 2 ) becomes : 
8 = 8 ( ¢  -¢ ) HL = S . ¢  . HL p u y p ( 2 . 3 )  
This d i s tr ibu t ion f ac tor " 8" accep t s  a n  averag e c on s tant value o f  
the curva ture ins tead of  the ac tual d is t r ibu t ion a long t h e  p l a s t ic 
hing e and can b e  ca lcula ted f rom . exper imental values o f  �P ' HL , 8p . 
8 
p ( 2 . 4 ) 
In order to have a full red is tr ibu t ion of  the f orces , t he 
actual r o ta t ion s hould no t exceed the rota t ion capac i ty o f  the sec-
t ion . Al so , the calcula t ed rotat ion capac ity or the prov ided rota-
t ion capac ity of the s ec t ion ha s t o  be higher than t he requ ir ed ro-
tat ion of p la s t ic hinge s .  The requ ired ro tat ion for  a p la s t ic hinge 
in an indet ermina t e  s truc ture to a llow o ther p las t ic hing es to deve-
lop , and the s truc ture to reach a mechan ism can be calculated as 







F igure ( 2 . 2 ) 
( 2 . 5 )  
p la s t ic moments a t  A and B r e sp ec t ively 
MAF , MBF = f ixed end moments at A and B as calculated by the 
ela s t ic theo ry . 
E modulu s of  elas t ic i ty of conc rete . 
I = moment of  inert ia of a c racked s ec t ion 
= ! b (Kd ) 3 + n A (d-Kd ) 2 3 s 
n modular ra t io 
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Kd d i stance f rom the comp ress ive f ib e rs t o  t he neut ral 
ax is 
E quat ion ( 2 . 5 ) is t he elas t ic slop e-def lec t ion me thod which 
is used to calcu late the ro ta t ion or chang e  of  s lope at a sup po rt 
with the exist ing moments .  If  an es t ima ted numerical value o f  the 
ro tat ion capac i ty i s  d e s i red , it can be obta ined as f o l lows : ( 6 , 2 4 )  
angl e  o f  p las t ic ro ta t ion e
p l  = ¢p . HL 
E 
__l?__ 
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Figure 2 . 3  U l t ima t e  S tr a in Diagram 
The pr eced ing value o f  e
pl 
has to be greater t han the requir ed 
rotat ion obta ined by equa t ion ( 2 . 5 ) - and the actual r o ta t ion should 
no t have to exceed t he ro t a t ion capac ity of the sect ion . I f  extra 
ro tat ions are r equ ired , t he ult imate s train capa c i ty o f  concrete ha s 
to be improved by add ing secondary reinforcement . 
2 . 2 Ro tat ion Compa t ib ility 
The rotat ion comp a t ib il ity of r e inf orced concrete can be 
best ana ly zed in an indeterm inate struc ture wher e a comp lete moment 
red is tr ibu t ion shou ld take plac e before the complete co llap s e  o f  
the s truc tur e. Cons id er the two span , cont inuous beam of f igure ( 2 . 4 ) .  




F igure 2 . 4 Cont inuous b eam 
The beam is loaded with two concentra ted load s a t  mid spans . 
As the load is  app l ied , the nega t ive moment that develop s a t  section 
( 2 )  is higher t han the po s it ive moment that d evelops at sec t ion ( 1 ) 
and consequen t ly , h ig her stres s es are app lied at sec t ion ( 2 ) . F igur e 
( 2 . 5 . 1) s hows a comp lete ly e last ic behav io r . As the load is in­
creased the y ield moment of sec t ion ( 2 )  will be reached (My
2
) and 
t he correspond ing load is (Py2) .  From this po int on , sec t ion ( 2 )  is 
in a plast ic zone and this s ec t ion undergoes exces s ive d ef o rmat ion 
under nearly constan t  moment Mp . Thu s Mp is higher than My2 and l es s  
t ha n  Mu 2 the u l t imat e  moment o f  the sec t ion . The r ed is tr ibut ion of  
moment occur s af ter the s teel in the middle support sec t ion has 
y ielded and some of the moment is transf erred to sec t ion ( 1 ) . Each 
of the two port ions o f  the b eam is now ac t ing as  a det erm ina te 
s imp ly suppo r t ed b eam where ther e is  a known moment act ing at the 
end (Mp ) . 
2 0  
Bef or e  the u l t imate moment of s ec t ion ( 2 )  i s  reac hed t he 
middle suppo r t  has to be able to have enoug h r o ta t ion in o rder to 
d evelop a mechani sm in the structur e ;  in other word s , a full red is-
tr ibu t ion o f  moment ha s to take place so  t hat t he y ield po in t  of 
s ec t ion ( 1) a t  midspan is reached (My
1
) .  
To b e  abl e  to achieve this , the ac tua l  plast ic ro tat ion 
8 p at fa ilur e has to be less than or equal to t he ava ilable p la s t ic u 
r o ta t ion capac ity of t he s ec t ion 8 ; e < e . This is c ons idered p pu p 
a full and c omplete  f a ilure ( f ig .  2 . 5a) . S ec t ion 2 has t o  have 
enoug h duct il ity in order t o  develop a mechani sm . A par t ial c o l-
lap se is po s s ib le when the ac tual plast ic ro t a t ion exc eed s t he 
calculated or ava ilab le rota t ion capac ity e > e . In t hi s  case  pu p 
the memb er is no t able to red istr ibu te enough forces to r each a 
mechani sm and d evelop the yield po int at midspan f igur e ( 2 . 5b ) . 
I t  is obv ious when a par t ial fa ilu�e occur s  the mid suppo r t  under-
goes local f r ac ture and that would be the ul t ima te load ( P  ) the u 
s truc ture can suppo r t  which is les s t han the P when a full r e­u 
d is tr ibu t ion of  momen t s  o ccur s . 
One can see f rom the above d iscu s s ion , t ha t  the mo s t  im-
por tant and g eneral c ond i t ion of  rota t ion compat ibil ity i s : 
< e p ( 2 . 7 ) 
An illu s trat ive d iscu s s ion is shown in f igur e ( 2 . 5 ) for  



















Figur e 2 . 5  Ro tat ion Compa t ib il ity 
Case I I  
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2 . 3 Moment -Curvatur e relat ionship 
One of the bas ic and impor tant aspect s nec e s sary f or a thea-
ret ical and exper imental s tudy of inela s t ic behav ior and moment r e-
d istr ibu t ion o f  r e inforced concrete in determina t e  o r  ind e terminat e  





curva tur e C<P )  
Figure 2 . 6  Idea l iz ed moment-curvatur e relat ion ship 
The moment curvature rela t ion is usually a s sumed to have a 
b i- l inear r e la t ion ( f igure 2 . 6) .  Thi s  theor i t ical a s sump t ion a ssumes 
a to tally ela s t ic b ehavior up to t he f irst  yield and a c omp let ely 
pla s t ic behav ior af ter f ir st yield with excess ive deforma t ion a t  
constant moment (M ) app l ied at the cr it ical sec t ion . This a s sump­
p 
t ion is very uncharacter is t ic for concrete be�aus e  r e inforced con-
cret e  doe s  no t even have a comp lete ela s t ic and linear (M- <P )  rela-
t ion in the ela s t ic rang e .  
2 3 
A tr i- segmental (M- ¢ )  relat ion has been pref err ed over the 
b i-lin ear (M- � )  becau se the t r i-segmental (M-¢)  c ons id er s  a progr es-
s ive cracking . Also , t he b i-linear (M-�)  relat ion over-e s t ima t es 
the def orma t ions of a g iven s ec t ion , which is believed t o  be saf e .  
( 7 ) 
But in cont inuous member s ,  the int ernal f orce d i s t r ibut ion is d e-
pendent upon t he inter a c t ion of the s t if f ne s s  o f  the d if f er ent 
cr it ical sect ions and over-est imat ion o f  deforma t ions which could 
1 . f d . . ( 4 3 )  even resu t 1n unsa e p r e  1c t 1on s . 
A b i- l inear r elat ionship has also been repor t ed t o  g ive 
sat isf ac tory r e su l t s . ( 43 )  It is  obv ious tha t  ther e are c ontradic-
t ions over (M- ¢ )  rela t ionship . F igure ( 2 . 7 ) compares an ideal 
ela s topla s t ic b i-l inear ( M- � )  to the actual (M- � )  relat ionship of 
r e inforced concrete which i s  obta ined from t es t  r e sul t s . 
Curva ture or the un it ro ta t ion · ( f igure 2 .  8) a t  any s tage of  
M 
load ing can be calculated from the �qua t ion , � EI " 
I t  c an also be 
experimentally calcu lated from f igur e ( 2 . 1) . 
I t  i s  o bv iou s t ha t  t he value o f  ' � ' increas e s  a s  load ing is 
incr eased to u l t ima t e  load and consequently the compre s s ive s tra in 
of concrete in cr eases . 
The f lexura l  r ig id ity of  concrete decreases �vhile exc e s s ive 
cracks ar e develop ing beyond the y ield po int of s t ee l . F l exural 
r ig id ity or s t if fne ss of t he member can be calculated f or cracked 
or uncracked ( elas t ic )  sec t ions . In some exper iment s  the valu e  o f  









theor i t ical 
curvatur e  ( ¢ )  
Figure 2 . 7  Ac tual and Theo r i t ical Moment-curva ture 
I 
* 
Un it leng t h  
F igure 2 . 8 Un it rota t ion 
1 where <P = -R 
/ / 
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Fo r a rectangular sect ion : 
3 
EI = E ( bd ) c 12 
where : b 
d 
E c 
width o f  sec t ion 
ef f ec t ive dep th 
modulus of ela s t ic ity of concr e t e  
which is a con s ervat ive and over -e s t ima t ing value espec ia l ly f or 
ro tat ion calculat ion s .  
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A . L .  L. B aker.( 6) def ines EI f o r  a crac ked r ec tangular s ec t ion 
as in equat ion ( 2 . 9 ) , which is no t j us t  based on proper t ie s  o f  the 
mat erial and the g eome try o f  t he sec t ion , bu t on the curv ature at a 
par t icular l imit-state 1
1 
( f igure 2 . 7 ) ,  and therefore , depend s on 
the stre s s  in concre t e  and the correspond ing accumulat ed s tr a in 
values . 
or E I  
d 
E:s l  
d -K d 1 
( F igure 2 . 9 ) 
and E I  = 
(d - K d) = d ( l  - K ) 1 1 
( 2 .  9)  
F igur e ( 2 . 9)  Curva ture at 
L imit S ta t e  L 1 · 
2 6  
where K
1 
= ra t io o f  the neutral ax is depth t o  the ef f ec t ive 
d ep th .  
M
1 Moment a t  stage L1 
2 . 4  Plast ic H inge 
The a s sump t ion tha t  the inelas t ic rota t ion o f  concr ete occurs 
a t  the po int o f  max imum momen t , which means tha t  it o ccur s a t  one 
po int and o t her por t ions o f  the member ac t ela s t ically , i s  a theo­
r it ical a s sump t ion wh ich is no t true . The pla s t ic ro tat ion actually 
occur s on bo th s id e s  o f  the maximum moment sect ion over a f in it e  
leng th . This l eng th which is cal l ed the hinge leng th H
L c an be cal­
culat ed wi th accep table accuracy . The ca lcula tion of  t he h inge leng t h  
can be done r ela t ive to t he ef f ec t ive dep th and a l s o  t o  t he d is tance 
from t he s ect ion of h ighest moment to the po int of  contra f lexur e  
( z ero moment) • One of  the mo s t  common met hod s t o  calculat e H
L 
is  
from moment-curvature and bend ing moment d iagram wh ich i s  s hown in 
f igur e ( 2 . 10 ) . 
The value "H
L
" on f igure ( 2 . 10 )  represen t s  the pla s t ic h inge 
leng th which can b e  eas ily calculat ed . This shows ano ther impor t anc e 
o f  t he moment -curvatur e relat ionship . 
I t  ha s been shown by t es t ing that u sually in r e inf orced con-
crete cont inuous s truc tura l  member s ,  the ca lcu la t ed r o ta t ion capac i ty 
is l e s s  than t he ac tua l ro tat ion t ha t  is developed at t he suppor t s . 
Ther ef ore , the calcu la ted rota t ion capac ity is a c onservat ive va lue 
which could be increa s ed by a limited saf e  value . ( 2 l) 
B end ing Momen t d iagram 
M 
Curvatur e  
d iag ram 




curva tur e 
Curva tur e due to 
pla s t ic d eforma t ion ¢p 
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pla s t ic r o tat ion 
Curvature due to 
elast ic d eformat ion 
Figur e 2 . 10 P las t ic Ro ta t ion f rom Homent-curva tur e and �·foment Grad ient 
CHAPTER I I I  
MATERIAL AND TESTING PROCEDURE 
3 . 1  Materials 
3 . 1 . 1  Beam Arrangement 
Ten concre te b eams with identical dimens ions were used in the 
experiment .  The beams had a total depth o f  8 inches , a wid th o f  5 
inches and a length o f  11  feet  ( 8"x5"xl3 2 " ) . The b eams had variab le 
main s teel reinforcement and also varied in s teel f ib er p ercentage . 
The beams were divided into f our different groups : 
1 .  Thr ee b eams without s teel f ibers were u sed , each cons ist­
ing o f  d i f f erent main s teel reinforcement . 
0% S teel F ib ers 
0% S teel F ib ers 
0% S teel F ibers 
ma in s teel 2 113 
main steel 2 //4  
ma in steel 2 # 5  
2 .  Three b eams wi th 0 . 8% s te�l f ib er s  wi th dif ferent main 
s teel reinforcement . 
0 . 8% S teel F ibers ma i� steel 2 # 3  
0 . 8% S teel F ib ers main st eel 2 # 4  
0 . 8% S teel F ib ers ma in steel 2 #5 
3 .  Three beams wi th 1 . 2% s teel f ibers with di f ferent main 
s teel reinf orcement . 
1 . 2% S teel F ib ers ma in st eel 2 #3 
1 . 2% S teel F ib ers ma in steel 2 #4 
1 . 2% S teel Fib ers ma in steel 2 #5 
B eam No . 
B l  
B 4  
B 7  




B 6  
B 9  
B 10 
4 .  One beam with 0 . 8% s t eel f ibers and c ompres s ion s teel 
wa s u sed . 
0 . 8% S teel F ibers-Tens ion S t eel 2 # 6-Comp r es s ion S t eel 
2 11 3  
The summary o f  beam arrang ement s is  shown i n  Tabl e 3 . 1 . 
Table 3 . 1  
B eam Arrangement 
2 9  
Ma in  S teel % of Ma in  S t eel % o f  S teel Fiber s 
( p ) ( p s) 
0 
2 11 3  0 . 67 0 . 8  
1 . 2  
0 
2 114 1 . 21 0 . 8  
1 . 2  
0 
2 115 1 . 8 9 0 . 8 
1 . 2  
2 #6 tens ion p 2 . 07 ten sion 0 . 8  
2 #3 compress ion p ' 0 . 67 compres s ion 
3 0  
A two span cont inuous simply suppor t ed beam s e tup wa s cho sen 
with two concentrated load s on eac h span . The ma in steel r e infor ce-
ments were placed at the top over the middle supp o r t  where a neg a t ive 
moment exi s t s  while s teel bras were placed a t  the bot t om of the beam 
where a po s i t ive moment exi s t s .  
3 . 1 . 2  S t eel Reinf orcemen t s  
Two types o f  ma in r e inf orc ement were used to r e s is t the 
tens ile forces in the beams . Flexur e  and shear ar e t he two ma in 
s tr e s se s  to be r e s i s t ed by adequat e  reinforcement . A complete  illu s-
tra t ive d iagram i s  s hown in f igur e ( 3 . 1) . 
The f l exur e  t ens ile f orces wer e res ist·ed by 2 113 , 2 #4 or 2 11 5  
at each cr it ical sec t ion on t h e  tension s ide . F igur e ( 3 . 2 ) s hows 
the momen t d iagram and t he s teel arrang ement in t he beams , s howing 
the neces sar y development leng th to ensure enough bond b etween con-
cret e and s t eel . The development length "Q., d " for each bar wa s cal-
culated from equat ion 3 . 1  o f  the ACI Cod e ,  Q., d  
no t less than 0 . 4  D F 
-- - y 
-3 
X 10 . 
The ma in bar s wer e  marked and cut o f f  
0 . 04 AbF / If' but y c 
an acetylene torch 
at the proper po int s . A one inch cover wa s allowed between t he end 
of the bar s and t he end of the concrete beam ( f igure 3 . 1) .  The bar s 
on the po s i t ive moment reg ion were no t ext end ed all the way t hrough 
the middle suppo r t  to the o ther end . They were cut a t  a d is tance o f  
about 4 "  to 12"  d epend ing o n  t he bar d iamet er . The reason f o r  this 
was t o  allow t he concrete c ompres s ion z one to take t he inelas t ic 
3 1 
d ef ormat ion alone af t er the yield of s t eel , wit h no contr ibut ion by 
any compres s ion s teel ( except in beam BlO) . 
For s hear r e inforcement s #2  bar s were u sed spaced at 3 inch 
intervals to ensur e suf f ic ient shear r e inf orcement . The s t irrup s 
wer e cu t at 1 7  inch leng ths and bent manually on a spec ial ly des igned 
and fabr icat ed e qu ipment . Ther e  wa s a total of  44  s t irrup s in each 
b eam . Figur e ( 3 . 1) shows typ ical s tirrup arrang ement and beam cros s  
s ec t ion ( s ame arrang ement f or beam B lO) . 
-- --- --- --------
------- -
-� main s teel reinf orcement and s t irrup s were t ied manually 
us ing 5 . 5  inch long t ie wire s . The surface of  t he ma in s t eel bar s 
wa s f iled and smoo thed at the po ints of maximum moment s f or t he pur-
pose of  attac h ing strain gag e s  on each bar a t  each cr it ical sec t ion . 
S p ec ial car e wa s taken no t t o  c hang e t he charact er is t ic of  o f  t he 
s teel bar s a t  t ha t  po int . Af ter smoo thening t he surf ac e , i t  was 
c leaned and d egrea sed ( f igure 3 .  3 ) . 
- --
3 . 1 � 3 S tr a in Gages 
Three d if f er ent types o f  SR-4 s train gages wer e u s ed .  
1 .  A-8 s tr a in gages with a res istance o f  12 0 + 0 . 3  ohms 
and a gag e f ac tor of 1 . 7 3 + 2% , were u s ed f or po s it ive 
and neg a t ive s t eel r e inforcemen t  bars ( f igure 3 . 4 ) . 
2 .  A-1-S 6 strain g ag es with res is tance o f  12 0 + 2 %  ohms 
and a gag e f ac to r  of  2 . 03 + 1% , were u sed f or concre t e  
compre s s ion stra ins . 
A 
...,..__ 
ma in ba r s  var iab l e  
ht: 
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Figure 3 . 1  S teel arrangement of beams 
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elas t ic bend ing moment d iagram 




F igure 3 . 3  P o lished steel surface 
F igure 3 . 4 At tached s tra in gage 
3 .  PA- 7 po st -yield s tr a in gages with res istance of 
12 0 + 1 . 0  ohms and a gag e fac tor of 1 . 9 2 ± 1% were 
used only f o r  the negative sec tion for s tr a in r ead -
ing s af t er the yield of s teel . 
The steel strain gages wer e g lued at the pol is hed p o ints 
( f igure 3 . 5 ) and lef t  for 24 hour s ,  then covered with a spec ial 
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material S R-4 Carr ier E to p revent the mo isture p ene tr a t ion t o  the 
stra in gages . A ho t mel t  g lue was used to sea l  and prot ec t  this  
carr ier and the s tr a in gag e  from any damage or mo istur e s eepage 
( f igur e 3 . 6 ) .  S p ec ia l  str anded #22 wires were soldered to t he 
s train gag e  lead s . The f o llowing d iagram shows a s imp l if ied ex-
samp le o f  t he wir ing f r om the strain gage to t he d ig ital s tr a in 
ind ica tor . 
R 
c 
120  ohms 
Res istor 










F igur e 3 . 7  W ir ing S ys tem 
Channel s on eac h t erm1na 1 
-
S tra in gag e  
I 
I • -
A res i s tor was used on each terminal for temp erature c hange 
compensat ion . (Mor e on D ig ital S t ra in Ind icator in S ec t ion 3 . 2 . 4 ) . 
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F igur e 3 . 5  Cover ed s tra in gage · at negative moment s ec t ion 
F igur e  3 . 6  Covered s tr a in gage at p o s i t ive moment sec t ion 
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3 . 1 . 4  S t eel F iber s 
The s teel f ibers used in this exper iment had an a spect rat io 
of 100 (Lf /d f ) ,  with a leng t h  of  ' Lf ' of  2 inches and d iameter 
' df ' 
of  0 . 02 inc hes . The hoo ked end steel f iber s were u sed to a llow 
ancho rag e between the f iber and concrete ( f igure 3 . 8 , 3 . 9 ) . The 
f iber s ,  which c ome in bundles of 2 5 , wer e added dur ing m ix ing o f  
concr et e .  The wat er soluble g lue that held the bundles  tog ther 
d issolved in the wat er ,  and the f iber s  wer e r eleased f rom each other 
and d i str ibu ted unif ormly throughout the concr ete m ix .  
3 . 1 . 5  Concrete Component s and Mix ing 
Concrete mix cons is ted of  t he fol lowing : 
1 - Typ e I Por t land Cement 
2 - F ine aggregate with a f inenes s  modulu s of 2 . 9 0  
3 Coarse agg r egate , max imum s ize of 3 / 8  inch 
4 - Wat er 
A 3 . 0  cub ic f o o t  capac ity m ixer ( f igure 3 . 1 0 )  was u s ed for  
mix ing the concrete  need ed for : thr ee ( 5x8xl3 2 in) ma in b eams , s ix 
( 6xl2 in) cyl ind er s f or the compress ive strength and sp l it cyl inder 
t es t , and two ( 6x 6x2 1 in) small beams f or the modulu s of rup ture 
t es t . A total  of  appr oximat ely 12 cub ic foot  of  conc r e t e  was need ed 
eac h t ime and it was d iv id ed int o  four equal 3 cub ic f o o t  batches . 
A mix ing t ime o f  about 4 minutes al lowed the concr e t e  to m ix 
thoroughly . S t eel f iber s wer e  added to the mix at equal int erval s  
in a per iod of  6 to 8 m inu t e s  m ixing time . The st eel f ibers were 
Figure 3 .  8 
F igur e 3 .  9 
S t eel f ibers 
S t eel f iber leng th 
...... . , •  
... . .. . 
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allowed t o  d isp erse and mix unif ormly throughou t the concrete  mix . 
Each batch was controlled by the slump tes t accord ing t o  AS TM s tan­
dard s ( C-143 ) .  The concre t e  m ix was scoop ed into the f orms and mold s . 
rhe u s e  of a v ibrator wa s nec es sary to ensure d isper s ion and p enetra­
t ion of  the agg r egate and s t eel f iber s within the steel wor k  ( f igure 
3 . 11 ) . A thr ee-four ths inch cover on the s ides was prov ided and the 
exce s s  concr ete was scraped o f f  the surface and it was smoo thed by 
u s ing a wood en trowel ( f igure 
3 . 1 . 6  Formwork 
A s p ec ia lly d e s igned wooden f ormwo rk was f abr icated f or this 
exper iment . The f orms were des igned for var iable un if orm wid th and 
leng th (up to 11 f eet)  and maximun depth of 10 inc hes f or future 
u s e .  The wooden forms wer e  suppor ted by s teel brac ke t s  for lat eral 
suppor t due to concret e pressur e ( f igur e 3 . 14 ) . 
3 . 1 . 7  Beam Prepara t ion 
Af ter 24 hour s the beams and cylinders were s t r ipped , and 
cover ed with wet burlap ( f igure 3 . 15 ) . The bu rlap wa s mo i s t ened 
every day for one week so complete hydrat ion of cement took place . 
The beams were handl ed with c ar e  so cracks wou ld not o c cur in the 
beams . Af t er plac ing t he beams in the tes t ing frame , the supp o r t s  
were leveled (more on the tes t ing frame in sec t ion 3 . 2) .  
The c oncrete sur f ace was scraped and smoothed for s tr a in 
gag e  at tac hmen ts .  The A-1 concrete strain gag es were attached at 
4 0  
Figure 3 . 10 3 . 0  Cub ic foo t mix er 
F igure 3 . 11 F ibrou s Conc rete Vibrat ion 
41  
F igure 3 . 12 Concr ete f inishing 
F igure 3 . 13 Comp leted work 
42 
F igur e  3 . 14 Formwor k  
F igur e  3 . 15 Concr ete cur ing 
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lea s t  2 4 hour s b ef or e  tes t ing , the neces sary wires wer e so lder ed 
onto t he st ra in gag es and connected to the d ig ital stra in ind ic at or . 
Dental p la s t er o f  par is ( gyp sum) was used under the load ing p lates  
to ensure unifo rm contact between the plate and conc r e t e  surf ac e  
( f igure 3 . 1 6 ) . Crack measur ement s on the beams wer e  done by the 
use of  cyl indr ical brass s tud s ( 3 / 8x3/ 8 in) with conical ho les . The 
brass studs were g lued at every one inch in terval on a s tr a ig ht l ine 
drawn on the center of  the beam a t  the c r it ical s ec t ion ov er t he 
middle suppor t .  At  the po s i t ive moment sections (under t he load ) , 
the s tuds were g lued every one inch over a 1 4  in . leng th and every 
2 inches over t he remain ing leng t h  o f  the span . ( Figure 3 . 1 7 )  s hows 
a comp l et e  illu s trat ion o f  the brass stud s arr angement . The br ass 
stud s were also g lued at the middle suppor t on the sid e  for curvature 
mea surement ( f igure 3 . 18 ) . 
The b eams were marked a t  seven po int s f o r  l evel r ead ing s . 
A scale wit h an accuracy o f  one hundred th of  an inch wa s u s ed to 
read t he actual ela s t ic curv es and , more imp or tant ly , t he pla s t ic 
deforma t ions of the cr itical sec t ion up to failure . 
3 . 2  T es t ing Apparatus 
3 . 2 . 1  Tes t ing Frame 
A s t e el g irder frame wit h  a capac ity of 120 tons , twenty f ee t  
in leng t h ,  f ive f ee t  in wid t h  and thr ee f ee t  in dep th was u sed . In 
this proj ect a max imum load of 15 tons per j ack wa s app l i ed ( f igur e  
3 . 19 ) . 
44 
F igu re 3 . 1 6 3 0 Ton load ing j ack 
F igure 3 . 18 Bra s s  s tud arrang ement f or curva ture and c r acks 
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Figur e  3 . 1 7 Brass stud s arrang ement for  crack r ead ing 
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3 . 2 . 2  Hydrau lic Jacks 
Two thir ty ton hydraulic j acks were u sed for c onc entrated 
load ing on the two spans ( f igure 3 . 16 ) . The j acks were c onn ec t ed 
�it h high pr e s sure hydrau l ic ho ses by s elf-sealing coupler s to the 
outle t s  on the load ing f rame . The o il wa s pumped manually into the 
j acks from t he main hydraul ic contro l co�sol e .  } The j ac ks were cal i­
brated before  t es t ing u s ing a T in iu s  Olsen test ing machine , and 
t hey prov ed to b ehave id ent ically . Maximum d if f er ence between t he 
two j acks was at the p r e s sure o f  500 ps i ,  with an error of 2 . 5% ,  
but a t  higher pr e s sur e s  the error rema ined under 1% . T e s t ing the 
T iniu s  Olsen t es t ing machine again s t  a prov ing r ing showed an ac-
curacy o f  about 0 . 1% .  The cal ibrqt ion char t of  the j acks vs . the 
test ing machine is shown in App end ix E .  
3 . 2 . 3  Hyd raul ic Conso le 
The 10 , 000 psi  capac ity dual �ang e hydraul ic conso l e  con-
s is t s  of a . low and high r ang e . The low range is f rom z ero t o  2 000 
ps i ,  wi th an inc r emen t  o f  2 0  p si . The high rang e i s  from z er o  to 
10 , 000 p s i ,  wit h an inc rement of 100 p s i . An a ir pres sure syst em is 
connec t ed to the hydraul ic console which i·s ener g iz ed by the bu i ld-
ing ' s  a ir supp ly wit h  a ir p r es sure o f  abou t 12 0 pound s p er s quar e 
inch.  Thi s  was u sed to r elease t he load s  from beams ( f igur e  3 . 20 ) . 
3 . 2 . 4  Portable D ig ital S tra in Ind icator 
An Elec tron ic D ig ital S tr a in Ind icator wa s us ed for the 
neces sary stra in g ag e  r ead ing s .  The stra in ind icator con s is t s  of 
f our ma in components : 
47 
F ig u r e  3 . 19 T e s t ing f rame 
F igur e  3 . 2 0 Hydrau l ic con s o l e  
48 
�- Digital s train indicator which g ives di rec t s train 
readings f rom the channel be ing used . The correspond-
ing gage fac tor is also set on this uni t . 
�- A p r in ter which could be set to p rint the s train read-
ings . 
3 - Scanning module is the uni t to which th e wires from the 
s train gages are hooked up . The channe l s elec t ion bu t ton 
and the adj us t ing buttons for each channe l are also on 
this unit . 
� - Controller which has a three-way posi tion mode swi tch 
and four push but ton swi tches for manual s tep , s top , 
rese t and s tar t .  The three s canning modes are : a -
manual mode i s  used for individual readings , b - s ingle 
s can mode cyc les through every channe l and s top s after 
the las t reading has  been p rinted out , c - cont inuous 
s can mode cyc les the sys tem until  a s top fun c t ion i s  
--., 
ini tiated ( f i gure 3 . 21) . � 
- -
3 . 2 . 5 Dial Gages 
A ·to tal o f  th ree d ial gages were us ed in the beam t e s t ing . 
Two were used. for  de f le c t ion reading s under the b eam wit h  an accuracy 
of  one t hou sand t h  of an inch ,  f igure ( 3 . 22 ) . The third wa s u sed for 
crack wid th measur ement s  with an accuracy of  ten t housand t h  of an . 
inch . 
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Cj- • • 
•• • 
E3 •• 
F igur e 3 . 2 1 P or tab l e  d ig ita l s t r a in 
ind icat or 
F igur e 3 . 2 2 Def l ec t ion d ia l  gag e  
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3 . 3 Te s t ing Procedure 
Af ter the b eam p reparations , all the equipmen t was rechecked . 
Be fore loading the b eam ,  zero load readings were taken f or def le c t ion s , 
level , cracks , curva ture and s train gages . The load was app li ed in 
increments of 1 , 010 lb s .  This load was the s ame in b o th man i f o lded 
j acks . At each 1 , 010 lbs . the f o llowing readings were taken : 
1 - ·def lec tions on each s pan 
2 - curva ture 
3 - level 
4 - s t ra in gages f or b o th s teel and conc r e te 
The crack readings were taken every 2 , 020 lb s .  Dur ing the 
time of measurements and reading s  the load was held cons tant and then 
increased manually and the same procedure was f ollowed unt i l  the f irs t 
yield o f  s teel o c cured a t  the midd le suppor t .  Large c racks developed 
af ter the f i rs t  yield . At this s tage only the cr i tical reading s , , es­
pec ially for cracks , wer e  taken because the cracks tha t  had develo p ed 
were the only ones tha t p ropagated . In other word s ,  t he c hances of  n ew 
crack deve lopments in p las tic range was minimal . Def le c t ion s , curva­
ture , level and s train readings were taken up to f ailu r e  at each 
loading increment . The cracks were marked and numbered , and the load 
at which they s tar ted was also recorded . The data was recorded and 
tabulated . Th e calcula t ions , compar ison and interpretat ion o f  
the resul ts ar e g iv en in Chap ter s  V and VI . 
CHAPTER IV 
BEAM DES I GN 
4 . 1  Concre te Mix Des ign 
The method used f or the �oncrete mix des ign was th e abs o lute 
volume tric method . Th e cal cula tion will b e  b ased on a cub ic yards 
basis  and then conve r ted t o  pound s p er cub i c fee t  depend ing on the 
vo lume required . The cal culations are as f o llows : 
Specific  Grav i ty ( f rom tes t ing ASTM C- 1 2 7 ,  128)  
Por tland Cemen t Typ e I 3 . 15 
Coar s e  Agg regate 2 . 65 
F ine Aggregate 2 . 6 1 
Aggrega te Absorpt ion ( f rom tes ting ASTM C-1 2 7 , 128 ) 
Fine Aggrega te 1 . 2 5% 
Coarse Aggregate 1 . 61% 
Mo is tur e Con tent o f  Aggregates and Known Parame ter s 
Fine Aggregate 
Coarse Aggregate 
Water Conten t 
W/ C 
% F ine Aggregates 
Calculations 
Vo lume of  wate r 
2 . 2% 
= 0 . 34% 
2 8 5  lb s /yd3 
0 . 55 
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Uni t We igh t /Uni t  Weigh t o f  Wa ter 
3 2 8 5  lb s /yd = 4 5 7  f t 3 / d3 
6 2 . 4  lb / f t 3 
. y 
We igh t and Vo lume of  Cement : 
C W 2 8 5  518 . 18 lb s / yd 3 = 
0 . 5 5 = 0 . 5 5 
= 
5 18 . 18 
Vo lume o f  Cement = Weigh t Sp . Gr . x 6 2 . 4  lb s / f t 3 3 . 1 5 X 6 2 . 4  
2 . 64 f t 3 / yd
3 
Vo lume of  Agg regate = 2 7  f t3 /yd3 - V - V wa ter cement 
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We ight o f  Aggregate 
2 7 - 4 . 5 7 - 2 . 64 = 19 . 7 9 f t 3 /yd3 
(Vagg ) x ( 6 2 . 4  lb s / f t
3 ) x ( Sp . Gr . o f  
Aggrega te) x ( %  Aggregate ) 
We igh t o f  F ine 1 9 . 7 9 f t3 /yd 3 x 6 2 . 4  lbs / f t 3 x 2 . 61 x 0 . 4 5  
1450 . 39 lbs /yd3 
Weight of  Coarse - 1 9 . 7 9 f t 3 /yd 3 x 6 2 . 4  lbs / f t
3 
x 2 . 65 x 0 . 55 
1 7 9 9 . 86 lb s /yd3 
Mo is ture Corre c tions : 
Corre c t ion Weigh t = (mo is ture_ content-absorp t i on)' 
F ine Corre c tion 
Co arse Corre c t ion 
(weight of  aggrega te ) 1 + ab sorp tion 
1450 . 3 9 - ) 3 ( 0 . 0 2 2  - 0 . 0 1 2 5 )  ( 1 + 0 _ 0125 ) - 1� lb s /yd 
( 0 . 0 0 3 4 - 0 . 0 1 6 1 )  ( 
1 7 9 9 • 8 6  ) 
1 + 0 . 0161  
- 2  2 . s 1t'b s I yd 3 
Comp onen t 
Cement 
Water 
F ine Aggregate 
Coarse Agg regate 
We igh t 
lb s/ yd3 
518 . 18 
285 . 00 
1 , 450 . 3 9 
1 , 7 9 9 . 86 
Correct ion 
lb s/yd3 
+ 8 . 9  
+13 . 6  
- 2 2 . 5  
To tal ba tch weight us ed in th e exp er iment : 
Correc ted 
We ight 
lb s /yd 3 
5 18 . 18 
2 9 3 . 9  
1 , 46 4 . 0  
1 , 7 7 7 . 36 
1 . 5  cub ic. yards of c.onc.rete was used , therefore the to tal 
component weights are as f ollows : 
Component To tal Weight ( lb s )  
Cement 7 78 
Wa ter 4 4 1  
F ine Aggrega te 2 , 1 96  
Coarse Aggregate 2 , 6 6 6  
Calculations f o r  S teel F iber Quan ti ties : 
Sp eci f ic Grav i ty o f  S tee l F ib ers = 7 . 8  
Uni t weight o f  f ibers spe cific gravi ty x 6 2 . 4  lb s / f t3 
7 . 8 x 6 2 . 4  = 486 . 7 2 lb s / f t 3 
Volume o f  each concrete mix 12 f t 3 
Weight o f  S teel F ibers used in each mix : 
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We ight o f  f ib ers when 0 . 8% is us ed 
Weigh t  of f iber : 486 . 7 2 lb s / f t3 x 12 f t 3 5 8 40 . 6 4 lb s 
s s4o . 6 4 x �og = 4 7  lb s 
We ight o f  f ibers when 1 . 2% is used 
486 . 7 2 lbs / f t 3 x 1 2  f t3 = 5840 . 64 lb s 
s 8 4o . 6 4 x ia� = 10 lb s 
54  
% S tee l F ibers Weigh t o f  S teel F ib ers ( lb s )  
0 0 
0 . 8 4 7  
1 . 2 7 0  
Total we igh t 1 1 7  lbs 
4 . 2 Load ing Sys tem 
The loading sys tem used in this proj ect is shown in f ig ure 
( 4 . 1 )  where two concen trated loads are applied at mid sp an on a two 
span s imp ly suppor ted continuous beam . Three· dif ferent loading 
pos s ib il i t ies were cons idered before choo s ing the op t imum cas e : 
1 load a t  X 0 . 45L  when max imum po s i t ive moment i s  o b t a ined . 
2 Load at X 0 . 551 when maximum negat ive moment a t  suppo r t  
is ob tained . 
3 - Load a t  midsp an ( X  O . S OL ) . 
p p 
A 
.. X L l x _  c .. 
4 .. E 4� B '  �� 
A ' 
It �-
I L , L 
� 
F igure 4 . 1  Load ing System 
5 5  
The moments at ' B ' and ' C ' are computed and tabula ted in 
te nns of P ,  where 1 = 60 inches 
Tab le 4 . 1 
X 0 . 451 0 . 5 51 0 . 5 01 
MB lOP 8 . 53P 9 . 4P 
Me 10 . 7 6P 11 . 5P 1 1 . 25P 
r 1 . 0 7 1 . 3 5 1 . 1 9 
Th e red i s tr ib u t ion fac tor "r"  was de termined for each cas e .  
As i t  is obvious when X = 0 . 451 , r = 1 . 0 7 where there i s  no t enough 
redis tribution of moments to discus s the plas tic rotat ion cap ac ity 
of the cri tical sect ion . When X =  0 . 5 51 the va lue of r = 1 . 3 5 meaning 
35 percent moment redis trib u tion is required for the c r i t i ca l  s ec t ion 
to devel op a collap s e  mechanism which is rela t ively high . 
Therefore an op timum "X" value of  0 . 51 was cho sen to resul t 
in a reas onab le 19% moment red is trib ution , s o  th e ro tat ion cap ac i ty 
o f  the middle suppo r t  can b e  determined without a prema ture failure . 
4 . 3 Beam Analys is 
4 . 3 . 1  Analys i s  of  the Beams ( E las tic Theory) 
The three-moment theorem was used for the elas tic analy s i s  
of  the b eams . 
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F igur e 4 . 2  B eam Load ing 
In th i s  case wh ere equa l  concentrated loads exis t and equal spans 
and the load being at the center of the span (K
1
=K2=0 . 5 ) the equa tions 
b ecomes as follows : 
- 2P ( 0 . 3 7 5L )  = -0 . 7 5 PL 
0 4MC = -0 . 7 5 PL 
where L = 60" 
Me = - 1 1 . 2 5P 
The reac t ions and shear and moment diagrams are shown in 
f igure ( 4 . 3 ) . Flexure and shear reinf o rcement des ign were based 
on these values . 
4 . 3 . 2  P las tic Analys i s  
The virtual d isp lacement princ iple is used t o  analy ze the two 
span continuous beam with concentrated loads at the center o f  the spans . 
This princip le is b a s ed on the equi librium c ondit ion which can b e  
p p 
Af";;' �zzz���:im;;n �� � J 
f . 
�ft: D.ll'� 'f 
( 
o:� t)r + l + -- l -
F ig u r e  4 . 3  E l a s t ic analy s i s  
Reac t ions 
S hear D iagram 
B end ing moment 
d iagram 
5 7  
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s ta ted as f ol lows : "If a sy s tem of forces in equil ib rium i s  s ubj ec ted 
to a vir tual disp lacement , the work d one by the ex ternal f o rces equals 
the work done by the internal f orces . ( B )  The internal work is called 
W
I 
and the external work is  called WE , therefore the preceding p rin-
ciple is  expres s ed a s : 
Figur e ( 4 . 4 )  shows a comp le te illus tration of  the vir tual d is p lacement 





P . 6 . 
� � 
L 6 4 =. 
2 . e 
where 6 ver ti cal displacement o f  h i nges 
WE = P (� · e ) + P (� · e )  = 2 P � e 
The in ternal work in the s truc ture will b e  the sum o f  the 




= l:� e i = � l: i= l 
e . 
� 
wh ere e .  = th e ang le through which the hinges r o ta te . 
� 
From f ig .  ( 4 . 4b )  the fol lowing is ob tained : 
WI 
= � � 2e  1+ � X • 2e 1 + �p x
., 
2� 
s ec tion 2 sec t ion 3 s e c t ion 4 
p 
! z Lh 3 + f Yz LJz 
Mp 
F igure 4 . 4 P last ic analys is 
!: 5 t Lfl. 
( a )  B end ing moment 
d iag ram 
( b )  Mechan ism 
5 9  
( � )  Moment due to 
d et erm inat e  load ing 
( d )  Moment due to 
redundant load ing 




where : L = 6 0  in . 
Thus : MP = 10 Pu 
Th is resu lt can b e  checked by the eq uilib r ium equa tion by 
adding the moments a t  sec tion 2 on figure ( 4 . 4c , d , e )  
p L M 
u 









4 . 4  Flexure Des ign o f  the Beams 
The me thod used f or des ign of the moment for  the b eams is  
6 0  
based o n  the ultimate s treng th theo ry of  re inf orced concrete according 
to the ACI Co de ( 3 18- 83 ) . In the fol�owing calculations the contr ib u-
tion of s teel f ib ers t o  th e ult imate moment capac i ty o f  the b eam is  
neg lec ted . 
1 - Beams with 2 # 3  tens ion steel 
f ' c 87  p
b 0 . 8 5 6 1 fy 
( 8 7  + f ) y 
f c 
' 
= 0 . 64 
8 7  
f 
) 0
max 0 . 7 5 p b 6 1 f 
( 87  + y y 
f ' = 4 , 58 4  p s i  fy 6 6 . 8  Ksi A 0 . 22 in 
2 
c s 
d 6 . 56 in 
As 0 . 2 2 
P = bd = 5x6 . 5 6 




0 . 00 3  
61 
0 . 00 6 7  
For s ing ly re inforced concre te s ec t ions : 
_ As fy M - A . f  ( d - 1 7 f ' b ) u s y • c • 
= 0 . 2 2 X 6 6 . 8  ( 6 . 5 6 0 . 2 2 x 6 6 . 8  ) = 9 0 . 86 K-in 
1 . 7 X 4 . 584 X 5 
2 - Beams with 2#4  tens ion steel 
f ' c 4584  p s i , fy = 7 0 . 8  Ks i ,  d 6 .  5 in . ,  As 0 . 3 9 3  in
2 
3 -
0 . 0205  
2 00 p . = m1n 7 0 , 80 0  
p 0 . 3 9 3  
5 X 6 . 5  
0 . 0 0 2 8  
0 . 0 1 21 
M = 0 . 3 9 3  X 7 0 . 8  ( 6 . 5  - 0 . 3 9 3  X 7 0 . 8  1 . 7 X 4 . 584 X u 
Beams wi th 2 11 5 t ens ion steel 
f ' 4 584 p s i ,  f y = 5 2 . 0  Ks i ,  d 6 . 44 = c 
P max = 0 . 0 2 0 5  
P
min = 
2 00 0 . 00385  5 2 , 0 0 0  
0 . 6 1 0 . 0189  p 
5 X 6 . 44 
M 0 . 6 1  X 5 2  ( 6 . 44 - 0 . 6 !
' x 5 2  
X 5 ) u 1 . 7  X 4 . 584 
5
) 1 6 1  K- in 
in . , As 0 . 61 in 
2 = 
1 78 . 5  K-in 
62 
4 - B eam wi th double r e inf orcement 2 # 6 tens ion s t e el and 2 1! 3  
compres s ion s teel : 
f ' c 
d = 









5 4 3 8  p s i , f 63 . 1  Ks i ,  A 0 . 8 8 in 2 = = y s 
6 . 3 7 5  in A ' 0 . 2 2 in 2 = 
A 
s 
1 . 44 in . 
- A ' s s 0 . 8 8 - 0 . 22 
0 .  02 07 bd 6 . 37 5  X 5 
A ' ) f ( d - �) + A  ' c (d - d ' ) ]  s y . 2 s l. y 
(A  A ' ) f s - s y 
= 
( 0 . 88 - 0 . 2 2 ) ( 63 . 1) _ 1 8 . 0 . 85 f ' b 0 . 85 X 5 . 43 8  X 5 
- • ln . 
c 
[ ( 0 . 88 0 . 2 2 ) ( 6 3 . 1 ) ( 6 . 3 75 - 1 ·
8) + ( 0 . 22 ) ( 63 . 1 ) 2 
( 6 . 3 7 5 - 14 . 4 ) ] 
M 2 9 6 . 5 2 K- in u 
If  the inc r ea s e  in compres s iv e  s treng th of conc r e t e  due t o  
s t e e l  f ib er s  is cons id ered in the preced ing calculat ions , t he moment 
capa c ity change s  by a very sma ll p ersentage ( less t han 1%)  • Resul t s  
a r e  shown in Tab l e  4 . 2  
4 . 5  S hear Check 
The f o llowing s hear check calcula t ion is done for  t he mo s t  
cr i t ical case when 2 #5 r e inf orcement bar s are u s ed , where higher 
load s and higher shear stresses are used . 
2 # 5 : p 2 1 . 0  Kip s u 
v 0 . 688  p ( f rom shear d iagram) u u 
v u v 
b . d  u 
63  
v 0 . 688 X 2 1 2 00 0  448 . 7  p s i  u 5 X 6 . 44 
v 2 1fT = 2 14 584 = 13 5 . 4  p s i  c c 
v 448 . 7  - 13 5 . 4  3 1 3 . 3  p s i  s 
A f 0 . 10 X 62 , 00 0  s v y_ 3 . 95 in min v b 3 1 3 . 3  X 5 s 
The spac ing used was 3 inches for all beams , ther ef o r e  the 
shear reinf orcement is adequa t e .  The same calcula t ions were done for 
2 #4 and 2 #3 bar s and t he correspond ing S . wa s 4 . 6  in . and 14 in . m1.n 
r espec t ively which is less t han 3 " . 
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Tab le 4 . 2  
Ul t ima t e  Moment CaEac ity 
% F ibers A ( . 2 ) A ' in 2 b . d .  M p p s l.ll p s l.ll l.n u y u 
K- in Kips K ip s  
0 . 0  0 . 22 5 6 . 5 6 . 0 0.6 7 9 0 . 8 6 8 . 16 10 . 7  
Cas e 1 0 . 8  0 . 2 2 5 6 . 56 . 00 6 7  9 1 . 10 8 . 10 10 . 7  
2 /1 3  1 . 2  0 . 2 2 5 6 . 5 6 . 0067  9 1 . 20 8 . 20 1 1 . 0  
0 . 0  0 . 3 9 5 6 . 5  . 01 2 1  1 6 1 . 0  1 4 . 4 6 19 . 0  
Ca se 2 0 . 8  0 . 3 9 5 6 . 5  . 01 2 1  1 6 2 . 0  14 . 55 1 9 . 1  
2 1f4 1 . 2  0 . 3 9 5 6 . 5  . 01 2 1  1 62 . 4  14 . 6  1 9 . 15 
0 . 0  0 . 6 1 5 6 . 44 . 018 9 1 7 8 . 5  1 6 . 03 2 1 . 0 5 
Ca se 3 0 . 8  0 . 6 1 5 6 . 4 4 . . 018 9 17 9 . 6  1 6 . 14 2 1 . 2 0 
2 # 5  1 . 2 0 . 61 5 6 . 4 4  . 0 18 9  1 8 0 . 3  1 6 . 20 2 1 . 2 5 
Ca se 4 0 . 8  0 . 88 0 . 2 2 5 6 . 3 7 5  . 027 6 2 9 6 . 0  2 6 . 60 3 5 . 00 -




5 . 1  Compres s ive S t rength 
Reinforced concre te is used to res ist  compres s ive forces , its 
ab ility to take c omp res s ion is much higher than its  tens il e s treng th .  
Compress ive s treng th of concrete is de termi�ed by t es t ing 2 8  day 
s tandard s iz e  cylind ers . The 6"xl 2 "  cy linders ar e tes t ed in a spe­
c ially manufac tored load ing mach ine a t  a sp ec if ied load ing rat e . The 
28 day compr e s s ive s treng th of concr e t e  ranges from about 2 , 5 0 0  p s i  
t o  as h igh as 14 , 000 p s i ,  no rma lly the streng th ranges from 3 , 00 0  to 
7 , 000  p s i .  For ord inary app l ic a t ions , 3 , 000 t o  4 , 000 p s i concr e t e  
is used , wh ile for pr es tres sed concrete i t  ranges from 5 , 0 00 to 7 , 000 
p s i .  The compr es s ive streng th is ma inly affected by the wa t er -c ement 
rat io and cur ing cond i tion . 
· rn this research the st reng t h  of p la in concrete  and also 
f ibrous concrete with d if f erent perc entage of st eel f ib er s  were de t er­
mined and compared . The results of the compres s ive s tr eng th of  t he 
cylinder s are shown in tab le 5 . 1 .  
5 . 2  Modu lu s of Elas t ic ity 
Re inf orced concre te do es no t have an exac t ,  c lear cut modu lu s 
of ela s t ic i ty .  Its  value var ies with d ifferent streng t h ,  ag e ,  load ing 
type , c ement and aggregate character is t ic s . There are d if f er ent de­
f init ions f or modu lu s of  ela s t ic i ty o f  concr ete : 
� Ini t ial modu lus whic h is the slope of stress - s tra in 
d iagram at the or ig in . 
Tab le 5 . 1  
Compr es s ive S t rengths 
Case Cy l inder % S teel F iber For B eams f ' p s i  Average f c ' p s i  % increa se f rom c 
0% steel f ibers 
Cl 4 , 42 1  
C2 4 , 7 19 
, 4 , ss:) I 0 . 0  B l , B 2 , B 3 
C 3  4 , 4 57 
C4 4 , 7 4 0  
-
Cl 4 , 7 5 7  
C2 ) 4 , 828 
II 0 . 8  B7 , B8 , B9 4 , 8 0 5  ! 4 . 8  
C3 '4 ,  7 92 "'---
C4 4 , 84 6  
C1 5 , 04 3  
I I I  C 2  1 . 2  B4 , B 5 , B 6  4 , 86 3  4 ,  9 2 7  ) 7 . 5 
� 




F igure 5 . 1  Compr es some ter to d e t erm ine modulu s o f elas t ic i ty 
6 9  
leng th marked ( 6  inche s ) . The read ing s were taken a t  5 00 0  lb s .  load 
in terva ls up to about 13 5 , 000 lb s . The resul t ing s tress  and s tra in 
coord inates  were plot ted to determine the s tress- s tra in d iag ram and 
the modulu s of elas t ic ity of  conrete ( F igures 5 . 2  through 5 . 1 1) . 










a str es s  ( ps i) 
P app lied load ( lb s ) 
A cr o s s  sec t ion area ( 2 8 . 2 7 in2 ) 
E av erage stra in of cyl inder ( in/ in) 
61 d ef orma t ion ( in) 
1 gag e leng th ( 6  inches ) 
E secant modulus of ela s t ic ity ( p s i) ca 
The resu l t s  of modulu s of elas t ic ity ar e shown in a tabulated 
form in tab le 5 . 2 .  The ef f ec t  of  s teel f iber s  on the modu lus of 
elas t ic ity is shown in tab le 5 . 3 .  
5 . 3  Spl i t  Cyl inder 
Re inf orced concrete ha s a low tens il e streng th ,  it  ranges 
from 10% to 15% o f  its  compres s ive s treng th .  Tens ile s tr es s es in 
4 0 0 0  
3 '5 0 0  
J O O O  
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Fig u re 5 . 2  
f.A o d u l u s  o f  e last ic i ty o t  con crete 
Cyl in der C 1  
"I�Ste e l  F ibers=O . O  fc'=442 1 p s i  
() . 0 0 0 4 0 . 0 0 0 6  Q . 0 0 0 8  
Fig ure 5 . 2  Stress v s .  S rro in 
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F i g u r e  5 . 3  
� od u l u s  o f  e l a s t i c i ty o f  c o n crete 
Cyl inder C2 
i� Steel Fi b e r s = O . O  fc'=47 1 9  psi 
Q . 0 0 0 6  o . o o o g  
S T R A I N i n / : n  
Fig ure 5 . 3  S t r e ss vs .  S tra in 
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F i g u re 5 . 4  
M o d u l u s  o f  e last icity of  c oncrete 
Cyl inder C.3, 
i .  Stee l F ibers=O . O  fc =4457 p s i  
o . J o o 6  0 . 0 0 0 9  
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Fig ure 5 . 4  Stress vs .  S tra in 
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Fig u re 5 . 5  
M od u l u s  o f  e l a stic ity o f  c oncrete 
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Figure 5 . 5  S tre ss vs.  S tra 1n 
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F i g u re 5 . 6  
M o d u l u s  o f  elast ic ity o t  c o n crete 
Cyl i n d er C2 
·;. S te e l  Fib ers= 0 . 8  tc'=5393 psi  
7 4  
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FIGU R E  5 .  7 
�odu lus  of e last ic ity of con crete 
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7 5  
0 ������--��-r��������-r��--������ 
o . o o o o  0 . 0 0 0 3  0 . 0 0 0 6  0 . 0 0 0 9  Q . O O i 2 
S T R A. ! N i n / i n  
f i G U R E  5 .  7 S T R E S S  VS . STR A I N  
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Modulus o f  elast ic ity o f  concrete 
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Fig ure 5 . 8  S tress v s .  S tra in 
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Figure 5 . 9  
�odulus of  elasticity of  c oncrete 
Cylinder C1  
"J. Steel Fibers= 1 .2  fc'=5043 psi 
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Figure 5 .  9 Stress vs.  Strain 
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7 8  
0 
�------��--�������--�--���------��--������� 
o . o o o o  o . o o o s  0 - 0 0 1 0 0 - 0 0 1 5 0 . 0 0 2 0  
S T R A I N  i n / i n  
Figura 5 . 1 0  S tress vs. S tra i n  
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Figure 5 . 1 1 
Modulus of elasticity of concrete 
Cylinder C3 
�1. Steel Fibers= 1 .2 fc'=4573 psi 
7 9  
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fig ure 5 . 1 1 Streu vs. Strain 
0 . 0 0 2 0  0 . 0 0 2 4  
% S teel 
Ca se Cyl inder Fibers 
Cl 
I C2 0 
C3 
Cl 
II  0 . 8  
,C_3) < 
C 2  
I I I  1 . 2  
C 3  
*% dev iat ion = 
Ecc - Eca 
E 
ca 
Tab le 5 . 2  
Modulu s of Ela s t ic i t� Concrete 
--
f ' unit E x10 6 E x106 c ca cc 
Beams ( p s i) weight ( p s i) (ps i) 
= 3 3w1 · 5 ff' c 
4421  148 . 5  4 . 0 6  3 . 97 
B l , B 2 , B3 4 7 1 9  147 . 6  4 . 05 4 . 01 
44 57 14 8 . 0  3 . 8 5  3 . 9 7 
4828 ' 152 . 6  3 . 83 4 . 3 2 
B7 , B8 , B 9 
47 9 2  151 . 5  :> . SO 4 . 2 6 
4863  151 . 8  2 . 7 1 4 . 3 0 
B4 , BS , B 6 
487 3 152 . 1  3 . 3 2  4 . 3 2 
X lQQ 
% dev i a t ion 
from ACI 
*Code 
2 . 2  
1 . 0  
-3 . 1 
-11 . 4  
-17 . 8  
-37 . 0  
-23 . 0  
av erag e 
% d ev ia t ion 
-0 . 3 3 
-14 . 00 
-30 . 00 
00 0 





I I  
C2 
C2 
I I I  
C 3  
Tab le 5 . 3  
Effec t  of S teel Fiber on Modulus of Ela s t ic ity of Concrete 
% S t eel F iber E x106 ps i Average 
ca 
E xl06 ( p s i) ca 
4 . 06 
0 4 .  OS 3 . 9 7  
3 . 8 0 
3 . 83 
0 . 8  3 . 67 
3 . 5 0  
2 . 7 1 
1 . 2  3 . 02 
3 . 2 5 
% decrease f rom 
0% F iber 
- 7 . 6  




r einforced concr ete ar e of great impor tance becau se o f  crack c on tro l .  
The s iz e  and ext ent of cracks have to b e  l imi ted to a max imum value 
becaus e of po ss ible deter iora t ion of  ma in stee l  f r om mo i sture seepag e .  
The tens ile s treng th of concrete i s  normally neg lec t ed in design cal-
culat ions , never theless , the t ens ile streng th of concr ete member s have 
a po s it ive ef f ec t  on def lec t ions . 
Sp l it Cyl inder Tes t (AS TM C-7 8 )  is a method u s ed to d e t ermine 
the streng th of concrete in tension . A 6xl2 ( in) cylinder s imilar 
to the ones for compression tes ts  were u sed . The cyl inder was placed 
in a compres s ion-t e s t ing machine on its side and loaded un if ormly 
a long the two s ides . The cyl inder s  wer e load ed unt i l  fa ilure occur ed 
and the resu lt s  are shown in tab l e  5 .  4 .  Plywo.od pad s wer e  p lac ed 
between the load ing p lates and cyl inders to ensure unif o rm pres sure 
on spec imens . The tens ile s tress  ex is t ing in the cylinder is near ly 




c t  
Figur e  5 . 12 S t r es s es in S p l it Cyl inder T e s t  
2 P  
rrDL 
83  
F igu re , 5 . 13 Split  cyl inder test set up 
For % of 
Group Cyl inder Beams S teel 
F ibers 
C5 
I C6  B l , B 2 , B 3 0 . 0 
C7 
C5 
II  B 7  , B 8 , B 9  0 . 8 
C6  
C4 
I I I  B4 , B 5 , B 6  1 . 2  
C5 
Tab le 5 . 4 




(pe f )  (ps i) 
14 7 . 5  
147 . 0  4 , 584 
149 . 0  
151 . 6  
4 , 805 
15 1 . 9  
1 5 5 . 2  
4 , 92 7  
152 . 0  
p u 
( lbs)  
4 9 , 3 9 0  
48 , 400 
49 , 19 0  
63 , 2 00 
62 , ? 00 
7 1 , 54 0  





( p s i) 
4 3 6  
42 8 
4 3 5  
5 5 9  
550 
632 
6 3 7  
f 
average e t  
f 6 .  7 /f' e ta (' --
( p s i) ( p s i) 
from Cod e 
43 3 4 5 4  
5 5 5  4 6 5  
635 470 
% deviat ion 
f rom 
6 .  7 /f' e 
- 4 . 6  
+19 . 4  
+3 5 . 1  
00 
+' 
8 5  
As it  i s  shown on  Figure ( 5 . 12 )  the tens ile s tress  i s  cal-
culated by the f ollowing formula : 
where : 
f = 2P e ta nDL 
P applied load at failure 
D diameter o f  cylinder ( in) 
L leng th o f  cylinder ( in) 
The experimental results  can be compared to the f ollowing 
emp ir ical equation : 
f c t  = 6� to fc t  = 7 � for  normal weight concrete 
The ACI Code suggests  an average value of 
where : 
fc t  = 6 . 7 /f c ' at an age of 28 days . 
f c t  = the split-cylinder tens ile s trength ( psi) 
f c ' 2 8-day compressive s trength ( p s i) 
The effect  o f  s teel f ibers on tensile strength o f  concrete 
is shown in table 5 . 5 . 
5 . 4 Modu lus o f  Rupture 
The .modulus o f  rupture is the tens ile streng th of  concrete 
in bend ing . This is used especially in def lec t ion and crack control 
o f  reinf orced concrete beams . The modulus of rupture fr is computed 
from the general f lexure formula f Me r ·  
Group For Beams 
I B l , B2 , B 3 
II  B 7 , B8 , B 9  
I I I  B4 , B 5 , B 6  
Table 5 . 5  
Spl it Cyl inder Test 
(Ef f ec t  of S t eel F iber on Tens ile S treng th) 
% S teel Fibers 
0 . 0  
0 . 8  
1 . 2  
Average f t ( p s i
) 
c a 
4 3 3  
555 
635 
% Increase From 
0% Fiber s  
+28 . 2  
+4 6 . 7  
00 
()\ 
8 7  
In this exper iment one 6x6x2 1 inch beam was prepar ed f o r  
each m ix and t es ted in model S 6  b eam tes ter . A clear span of 1 8  
inches was r equ ired according to AS TM S tandards C78 . The S 6  model 
test ing mach ine gave d irect read ing s ( p si )  and the resu l t s wer e  
recorded and ar e s hown i n  tab le 5 . 6  and the ef f ec t s  of  s t eel f ibers 
on modu lus of rup tur e  are shown in tab le 5 . 7 .  
The ACI Code s ec t ion 9 . 5 . 2 . 3  accep t s  an averag e value f o r  
modulus of  rup tur e  f = 7 . 5 � wher e f ' is t h e  compre s s iv e  s t r eng t h  r c c 
o f  concr e t e . 
5 .  5 Ro ta t ion s 
The concep t o f  ro tat ion capac ity of re inforc ed conc rete  b eams 
or frames is exp la ined in c hapter I I . The method s u s ed f o r  measure-
ment of  ac tual rota t ions f rom test ing ar e presented in this chapt er 
and Appendix A .  
Three method s  were u sed f or - rota t ion measur ements :  
1) B ra s s  s tud s were glued on the s ide o f  the beam as 
shown in f igur e ( 5 . 14 ) . 
CL !:::. !:::.al al L a 2 a2 v " I! A' 1\ ... 11 It 
. ..... t · - + · 
d I 
F igure 5 . 1 4 Curva tur e Mea sur ement 
For 
Grot!p Beams Beams 
BFl 
I Bl , B2 , B3 
BF2 
II  ' BF,l B7 � B8 , B9 
III  BFl B4 , B5 , B6 
Table 5 . 6  
Modulu s · o f  Rup ture ( f  ) for B eams ( 6x 6x21  in) r 
% S teel unit 
F iber we ight 
( pcf ) 
149 . 8  
0 . 0  
14 9 . 7  
0 . 8  150 . 8  
1 . 2  151 . 2  
f ' c 
( p s i) 
4 , 584 
4 , 8 05 
4 , 9 2 7  
ACI Code 




F ir s t  Crack Ult imate  
f
rl 
% dev ia t ion f % dev iat ion 
( p s i )  
from Code 
525  +3 
5 00 +2 
67 0 +28 . 9  
7 5 0  +4 2 . 3  
ru 
( p s i) 
f rom Code 
525  +3 
500 +2 
7 6 0 +4 6 . 2  
900 +7 0 . 8  
00 
00 
Grou p For Beams 
I Bl , B 2 , B3 
I I  B7 , B8 , B9 
I I I  B4 , B 5 , B 6 
Table 5 . 7  
Effec t  o f  S teel Fiber s on Modulu s of  Rupture 
% S teel F ibers  F ir s t  Crack Ult imat e  
f
r l  ( p s i) 
% increas e f ( p s i) % increa se 
from 0% F iber 
ru 
from 0% F iber average average 
0 . 0  513  - 513  
0 . 8  6 7 0  + 3 1  7 60 + 48 




F igur e 5 . 1 5 
9 0  
I n  this method the curva tur e i s  calcu la t ed b y  mea sur ing 
the strain us ing the d ial gage as d iscussed in chap ter 




wher e :  
�a i 1 
a .  · d 1. 
2 1 L: �a 
d a 
i= l 
�a .  
1. 
is the stra in at the sect ion . a . 1. 
�a was 
mea sured in 10
-4 inches and "a" chosen t o  b e  8 inches 
in this expe r iment . 
d = ef f ec t iv e  dep t h  o f  the sec t ion . 
The ro ta t ion is the to tal curvatur e over a f in ite leng th . 
Af t er the f ir s t  yield o f  the main st eel at the m iddle sup-
por t ,  a p las t ic hinge is developed , f igur e  ( 5 . 15 ) . The 
approxima t e  leng t h  o f  the hinge was measured 0 . 25 inches 
f rom the out s id e  edge of t he end cracks at the plast ic 
h inge ( f igur e 5 . 15 ) .  
:C l as t ic H ing e Leng th a t  Middl e  Suppor t .  
9 1  
Theref ore " 8 "  the to ta l rota t ion over t h e  h inge leng th 
is 8 = ¢ . H
L . Resu l t s  are in Append ix A Tab les A . l 
through 
A . 8 .  
2 )  Thi s  method i s  theoret ica lly the same a s  the prev ious 
met hod . The s t ra ins in s t eel and concrete  were u s ed 




where ¢ = kd 
E: 
s 
d ( l-k) 
S t ra in D iagram 
E: +E: c s 
d 
Thi s  me thod is  no t used for measur ing plast ic rota t ions 
a f t er the f ir s t  y ield of s teel , b ecau se t he s tr a in gages 
on the s t eel do no t func t ion after the y i eld of s t eel , 
theref o r e  the pla s t ic rotat ion would b e  impos s ib le to 
b e  calcula ted u s ing this method . The result s  up to t he 
f ir s t  y ield are shotvn in tab les A .  9 through A .  18 
( Ap p end ix A) . 
3 )  By u s ing a level and a scale , the def l ec t ions a t  d if f eren t  
. po ints o n  the b eams was determined . This  is an appror ia t e  
met hod t o  determine the elas t ic curv e .  The mo s t  impor tant 
advantag e of  this pro cedure was tha t the p las t ic deforma-
t ion ( h inge angle) was d irec tly calcula ted . F igure ( 5 . 16 )  
s hows the d if f erent s tages that the beams went t hrough .  
92 
L L 
ela s t ic r ang e 
wher e :  
e = O p 
f ir s t  y ield 
ult ima t e  
�1 �2 e




2 are obt a ined from App end ix B tables B . l through B . 3 .  
F igure 5 . 1 6 Load ing S tages 
From f igure 5 . 1 6 ,  it can be seen that by us ing t he 
d if f er enc es be tween the level read ings , the elas t ic curve of  the 
beam and al so the inelas t ic def orma t ion and f inally the p la s t ic 
ro ta t ion can be det erm ined . The level read ing s are shown in Append ix 
B table s  B . l  to B . 3 .  The tang ent l ine drawn to the curve a t  the 
cr i t ical sec t ion shows " 8 " the ang le of ro ta t ion a t  each s ec t io:1 . 
/ 
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The elast ic por t ion of the beam be tween the plast ic hinge s  is  as sumed 
to be a s tra ig ht l ine , in o t her word s these por t ion s ar e no t taking 
any stresses af t er p la s t ic hing e development . The calculated ex-
perimental and r equ ir ed plas t ic ro tat ions are presen t ed in tabl e  5 . 9 .  
As ment ioned bef o r e , ther e  is  no exac t method f or t he ca l-
culat ion o f  plas t ic hinge leng t h .  An es t ima ted valu e  of  0 . 5d - 1 . 3d 
is . sug g e s ted f r om p r ev iou s research s tud ies . ( l O , l7 )  In t h is research 
proj ec t actual hing e leng ths wer e measur ed to the neare s t  one hal f  
inch as  s hown i n  f igure 5 . 15 .  The resul ts  are r ecord ed in table 5 . 8 .  
Tab le 5 . 8  
Plast ic H inge Lengths 
B eam % Ma in S t eel % S t eel F ibers P last ic H ing e Leng t h  
HL ( inches 
0 . 0  8 . 0  
2 113 0 . 6 7 0 . 8  6 . 5 
1 . 2  7 . 5 
0 . 0  7 . 0 
2114  1 . 2 1  0 . 8  8 . 0  
1 . 2  
0 . 0  6 . 5  
2115 1 . 8 9 0 . 8  8 . 0  
1 . 2 9 . 0  
Sample Calculat ion f or table 5 . 9  
Beam with 2#3  main s teel and 0 . 0% s teel f iber s : 
where :  
where 
I 
Pla s t ic moment = 10 P (P  is f r om table 4 . 2 ) u u 
10 x 10 . 7  = 107 Kip- in 
F ixed-end moment 
K _ Kd - cr  
Pu . L  10 . 7  x 60 
-
8- = 8 
Kd i s  calculated from the following : 
bKd2 
2 
- n A5 ( d-Kd) 0 
2 . 5  (Kd ) 2 + 1 . 66 Kd 
- 10 · 89 0 
Kd = 1 . 78 in 
K = �:�� = 0 . 2 7 1  
K 
u 
K d u 
d 
K d a 
u = 0 . 85 
A 
s f 
80 . 3  K ip - in 
0 . 2 2 X 6 6 . 8  and l 
0 . 8 5 f ' b 0 . 85 X 4 . 58 X 5 0 . 755  in 




0 . 7 5 5  
0 . 85 
0 . 88 8  
6 . 5 6 
0 . 888  in 
0 . 135  




78 )  + 7 . 55 X 0 . 22 ( 6 . 56 - 1 . 7 8) 2 
bK d 3 
� 2 = -3- +
 n As (d  - Kud) 
47 . 3 5 in 4 
3 
5 X (0 .�88 )  + ( 7 . 55 ) ( 0 . 22 ) ( 6 . 56 - 0 . 888 ) 2 5 4 . 60 in4 
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To calculate the requ ired rotation using equat ion ( 2 . 5 ) , t he smaller 
value o f  moment of iner t ia is used to requ ire higher rota t ions . 
e 
e 6 0  [ 2 ( -107+80 . 3 ) + ( 0+80 . 3 ) ] 
6x3 . 9 7xl03x47 . 35 
Rotat ion capac ity using equat ion 2 . . 6 : 
0 . 0035 
0 . 135  
f y 
E ( 1-K ) s u 
6 6 . 8  = 232  x 10-4 rad ians 
3 0  X 103 ( 1-0 . 13 5 )  
-4 14 . 3 lxl0 
radians 
Actual rotat ions were obtained from tables A . l  through A . 8  in 
Append ix A .  
% Ma in % Steel f f ' 
y c 
Beam S t ee l F ibe rs Ks i K s i  
0 . 0  66 . 8  4 . 58 
2 # 3  0 . 67 0 . 8  66 . �  4 . 8 1 
1 . 2  66 . 8  4 . 9 3  
0 . 0 7 0 . 8  4 . 58 
2 #4 1 .  2 1  0 . 8  7 0 . 8  4 . 81  
l . Z  7 0 . 8  4 . 93 
0 . 0  5 1 . 9  4 . 58 
2 # 5 1 . 8 9 0 . 8  5 1 . 9  4 . 8 1 
1 . 2  5 1 . 9 4 . 93 
*prema t u r e  f a ilur e 
Tabl e  5 . 9  
Regu i r ed and Ava ilable Ro tat ion CaEac i ty 
\ 
Requ i red 
P las t ic F ix ed Ro t a t ion U s ing 
Moment End I I p  K K Equat ion ( 2 . 5 ) 
Moment in4 in4 
u 
( rad ians ) x l 0-4 K ip in Kip-in 
107 80 . 3  4 7 . 35 54 . 6  0 . 2 7 1  0 . 1 3 5  14 . 3 1 
1 07 80 . 3  5 0 . 4  5 9 . 7  0 . 2 80 0 . 1 2 9  14 . 54 
110  8 2 . 5  6 2 . 0  7 7 . 9  0 . 3 1 2  0 . 1 2 6  1 5 . 7 3 
1 90 1 4 2 . 5  7 4 . 2  7 6 . 4  0 . 3 1 3  0 . 2 5 7  1 6 . 10 
1 9 1  1 4 3 . 3  7 7 . 9  83 . 6  0 . 3 58 0 . 24 4  1 6 . 7 5  
192 144 . 0  94 . 0  107 . 8  0 . 4 0\l 0 . 2 3 9  18 . 10 
2 1 1  1 5 7 . 9  9 7 . 2  106 . 1  0 . 4 1 0  0 . 2 9 7  1 3 . 4  
2 1 2  1 5 9 . 0  102 . 5  1 16 . 4  0 . 4 2 4  0 . 28 3  14 . 1  
2 13 1 59 . 4  1 2 1 . 8  1 50 .·0 0 . 4 66 0 . 2 7 6  1 5 . 2  -
Ro t a t ion 
Ca pa c i t y  Us ing 
Equa t ion ( 2 . 6 )  
. -4 ( rad ia ns) x lO 
2 3 2  
2 4 5  
2 5 1  
102 
1 1 1  
1 1 4  
9 3  
98 
1 02 
Ac tual  Ro t a t ion 
At U l t i ma t e  
From Test ing 
( r ad ians) x l 0-4 
2 98 
12 7 7  
1 9 24 
1 4 5  
7 8 1  
- *  
2 3 8  
8 7 6  
1 4 9 5  
\0 
0\ 
9 7  
Ano ther impor tant fac tor involv ing the calculat ion of  pla s t ic 
rotat ions is the curva ture d istr ibu t ion f actor ' S ' .  The curvature 
a long the p last ic hing e var ies s ignif icantly and in mo s t  rotat ion 
estimat ions t his f ac tor is ignored which lead s to over -e s t ima t ion 
of the p las t ic rotat ion s . Therefore the rota t ion c apac i ty of a 
sec t ion is less than wha t expec ted ( chap ter I I ) . The curva tur e  
d is t r ibut ion factor wa s calcula ted f o r  each b eam in this exp er iment 
and record ed in table 5 . 10 .  8Pc calculat ion i s  shown in f igur e  5 . 1 6  
which is the slope o f  the tang ent t o  the beam at t he middl e  support 
at fa ilure . 
Table 5 . 10  
Curvature D istr ibut ion Factor  
% Ma in % S t eel 8Pc
r 
HL B eam S t eel F iber xlo-4 <Pp 
rad ians 
( in) 
0 . 0  1 7 5  3 7 . 3 2 8 . 0  
2 113 0 . 6 7 0 . 8  5 5 9  1 9 6 . 50 6 . 5  
1 . 2  6 1 6  2 5 6 . 60 7 . 5  
0 . 0  7 8  2 0 . 60 7 . 0  
2 114 1 . 2 1 0 . 8  3 5 2  9 7 . 60 8 . 0  
1 . 2  
0 . 0  127  3 6 . 60 6 . 5  
2 11 5  1 . 8 9 0 . 8  38 5 109 . 00 8 . 0  
1 . 2  5 5 4  16 6 . 00 9 . 0 
<Pp . HL 
xlo-4 
rad ians 
2 9 8  
12 7 7 
1 9 2 4  
14 5 
7 8 1  
2 3 8  
8 7 6  




<P . HL 
0 . 5 9 
0 . 44 
0 . 32 
0 . 54 
0 . 4 5  
0 . 5 3 
0 . 4 4 
0 . 3 7 
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The ac tual Moment -Curvatur e d iagrams ar e shown in f igur e s  
(5 . 1 7 ) thr ough ( 5 . 2 4 )  f or d if f erent ma in s teel and steel f ib e r  r e in-
f o r c emen t s . The curv a ture was measured u s ing ac tual s tr a in s  u s ing 
me t hod 1 in f igure 5 . 14 and the moment was d e termined f rom the a c tual 
load appl ied on the b eams f r om Tab les A . l through A . B .  
5 . 6  Def l ect ion 
5 . 6 . 1  D iscuss ion 
Def lect ions of r e infor ced conc r e te struc tures have to b e  
l imi ted f o r  t he following reasons : 
1 )  Control o f  cracking : high def lect ions could lead t o  ex-
cess ive larg e cracks at serv ic e  load s . 
2 )  S tructural appearance : if s l ab s  and beams are subj ected 
to high def lect ions the appearance o f  the s tr u c tu r e  i s  
damaged and could f r ighten t h e  o c cupant s a l t hough the 
structur e is saf e . 
3 )  Poor f itt ing o f  door frames , w indows and part it ions . 
4 )  Exces sive v ibrat ions : any s t ru c tur e  has t o  b e  f r ee o f  
exces s ive v ib ra t ion t o  ensure t ru s t in t h e  bu ild ing and 
a sense of s e cur ity . 
In order to have a serv iceable s t ru c�ur e  with sma l l  d ef l ec t ions , 
it  ha s to have ad equate r ig id i ty o r  s t i�· fnes s t o  minim iz e  t he p r ec ed ing 
prob lems .  The flexural r ig id i ty of r e inf o r c ed concr e te con s is t s  
of modulus of elas t ic ity and moment o f  iner t ia o f  t he sect ion . However , 
there is a bl · · f · f o r c ed pro em calcu l a t ing the moment o f  Lner t la o r e ln 
1 1 0 
1 0 0 
9 0  
8 0  




N 6 0  
r 
k 5 0  
p 
4 0  
n 
3 0  
2 0  
1 0  
0 
0 3 6 
Fig ure 5 . 1 7  
�oment-Curvature reloiionship 
Wain Steel=� .,.Steel Fibers=O.O  
Beam 8 1  
9 9  
9 1 2 1 5 I 8 2 1  2 4 2 7 3 0  3 3  3 6  3 9  4 2  4 5  4 8  
C U R V A T U R E  ( x l 0 - 4  r a d i a n s )  
Fig:.�re 5 . 1 7 �oment-Curvature 
1 3 0 
1 2 0 
1 1 0 
1 0 0 
9 0  




N 7 0  
T 
k 6 0  
s o  
n 
4 0  
3 0  
2 0  
1 0  
0 
0 2 0  4 0  
Figure 5 . 1 8  
hf omen t-Curvature relat ionship 
�ain Steel=2•3 4 Steel f"ibers=0 . 8  
Beam 87  
6 0  8 0  1 0 0 1 2 0 1 4 0 
C U R V A T U R E  ( x 1 0 - 4  r a d i a n s )  
Fig u re 5 . 1 8  M oment-Curvature 
100 
1 6 0 1 8 0 2 0 0  
1 3 0 
1 2 0 
1 1 0 
1 0 0 
9 0  




N 7 0  
T 
k 6 0  
p 
s o  
n 
4 0  
3 0  
2 0  
l 0 
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0 20 4 0  
Figure 5 . 1 9  
t.i oment-Curvature relationship 
t-fain Steel=2•.3 'l.Steel fibers= 1 .2 
Beam 84 
6 0  8 0  1 0 0 1 2 0 1 4 0  
C U R V A T U R E  ( x l 0 - 4  r a d i a n 8 )  
Figure 5.  1 9 � o ment-Curvctu re 
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1 7 5 
1 5 0 
E 1 2 5 
N 
T 
k 1 0 0 
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s o  
2 5  
0 s 
Figure 5 . 20 
�'.f oment-Curvature relaiionship 
Main Steel=2w4 ?.Steel Flbers=O .O 
Beam 82 
1 0  1 5  2 0  
C U R V A T U R E  C x 1 0 - 4  r a d i a n s )  
Figure 5 . 2 0  hfoment-Curvature 
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1 0 0 
n 7 5  
s o  
2 5  
0 1 0  2 0  
Figure 5.2 1 
� oment-Curvature relai i on ship 
t.4ain Stee 1 = 2t4 % Steel Fibers=0 . 8  
Bea m 8 8  
3 0  4 0  s o  6 0  7 0  
C U R V A T U R E  C x l 0 - 4  r a d i a n s )  
Figure 5 . 2 1 Moment-Curvature 
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Fig ure 5 . 22 
� oment-Curva t ure re lai lonship 
�.fain Stee l = 2•S "!. Steel ribers=O . O  
Beam 83 
104 
9 1 2  1 5 1 8  2 1  24 27 30 33 36 39 42 4 5  
C U R V A T U R E  ( x 1 0 - 4  r � d l a n s l  
Figure 5 . 22 �oment-Curvature 
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Figure 5.23 
� oment-Curvature relation ship 
�ain Steel =2•5 % Steel Fibers=0 . 8  
Beam 89 
3 0  4 0  5 0  6 0  
C U R V A T U R E  ( x 1 0 - 4  r a d l a n 3 l  
Figure 5 . 23 M oment-Curvatu re 
105 
7 0  8 0  9 0  
1 7 5 
M 





1 2 5 
p 
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t.A oment-Curvature relaiion ship 
Main Steei=2.S !.Steel Fibers= 1 .2 
Beam 86 
106 
8 0  1 0 0 1 2 0 1 4 0 1 6 0 1 8 0 2 0 0  2 2 0  2 4 0  2 6 0  
C U R V A T U R E  ( x i 0 - 4  r e ci i a n s )  
Figure 5 . 2 4  t.A o m e n t - C u rvatu re 
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concrete sect ion . I f  the bend ing momen t a t  the s ec t io n  is less than 
crac king moment (M ) , the gross moment of iner t ia ( I ) is u sed . cr g 
The problem ex ists  when the b end ing moment exceed the c r ac king moment 
and cau s e  cracks . These unknown amount of  cracks r edu ce the moment 
of inert ia and therefore reduce the s t if fness of the sec t ion caus ing 
h igher def l ec t ions . 
As a resu l t  t he ac tual value of ' I ' is d if f icu l t  to c alcula t e . 
Usua lly a concre t e  member in a cracked sec t ion would have a r ig id jt �  
--------------------------- � 
f h .  d h f h f . k d . . d . 
( 3 0) Fl 1 o one-t 1r to t ree our t s o 1ts uncrac e r 1g 1  1ty . exura 
s t iffness var ies in d if f erent s ect ions of the s truc ture d epend ing on 
the b end ing moment present . Th is var iat ion of moment o f  iner t ia at 
d if f er ent sect ion s  has to be accounted f or in order to have accurat e  
def l ec t ion calculat ions . 
The ACI Code sect ion 9 . 5 . 2 . 3 recommend s the following equa-
t ion to calculate t he ef f ec t ive moment of  iner t ia used f or def lec t ion 




3 I + [ 1 - (�) 3 ]  I e M g M cr 
M cr 
a a 




f r 7 . 5 � modu lu s of rup ture ( f or normal weight concret e) 
Ig gro ss  moment of iner t ia neg lec t ing steel 
I transformed moment of iner t ia f or cracked sec t ion c r 
-
108 
The maximum p ermi s s ible compu ted d ef lec t ions by the ACI Code 
are shown in table 9 . 5 (b )  o f  the ACI Code . . L In t hls case 3 6 0  is u s ed 
for member s no t suppor t ing or a ttached to nonst ruc tural elemen t s  
l ikely to b e  damaged by large def lec t ions . 
5 . 6 . 2  Theo r i t ical Def lect ion Calcu lat ion s 
The theor i t ical def lec t ion is calculated u s ing the follow ing 
method . 
P /If P / 2  P / 2  P/ 2 
... _ _ .... � ;::::oa .._ - --- ..... ..... _ __.. A 6 B 6 C 
P / 2  F / 2  
B y  us ing sup erpo s it ion the algebraic . summat ion o f  t he two 
deflec t ions is the correct value . 
3a 
L 
where a - 0 . 4 51 
p L3 
2 2 48  E I  e 
[ 3x0 . 45L 
L 
p L3 2 2 x 0 . 98 5 5  48 EI 
ML2 
16  E I  
e 
e 
PL3 0 . 020  EI 
e 
where ME = 11 . 2 5 P 0 . 18 7 5  PL 
0 . 18 7 5  PL3 
6M 
= - 16 EI 
6 max = 6. p 
e 
max 
0 . 01 
Calculat ion of def lect ions at serv ice load : 
For Beam 1 2#3  main bars and 0% s teel f ibers 
A 0 . 2 2 in2 s 
d 6 . 5 6 in 
Es n = -E c 
3 0  X 106 
3 . 9 7 X 106 7 . 55 
b 5 in 
b Kd
2 
2 - n As ( d  - Kd) 0 
2 . 5  Kd2 + 1 . 66 Kd - 10 . 89 
Kd = 1 . 7 8 in 
= 
I 





I 5 X 
�1 · 7 8 )  + 7 . 55 X 0 . 22 ( 6 . 5 6 - 1 . 7 8 ) 2 = 47 . 3 5  in4 cr 
213 . 3 3  in4 
f . I  513 X 213 . 3 3 M r g 2 7 . 3 6 Kip-in cr  yt 4 
M 9 . 4  p 9 . 4  X ( 0 . 6 p ) 9 . 4  X 7 . 0  65 . 8  K- in a u 
0 . 07 2  
I e 0 .072 X 213 . 23 + ( 1 - 0 . 07 2 ) X 47 . 3 5 5 9 . 2 8 in 
4 
100 EI e 
7 , 000  X ( 60) 3 X 1000 
100 X 3 . 9 7 X 106 X 5 9 . 28 
-3 64 . 2  x 10  in 
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The actual def lect ion results are shown in Append ix B ,  tables 
B . 4  to B . 7 .  The values of the modular rat ios  are shown in tables 5 . 11 
and the result s o f  the deflections at service load are shown in table 
5 . 12 .  F igures 5 . 25 thru 5 . 3 3 show the load and def lec t ion relation-
ship f or d if f erent beams . 
Table 5 . 11  
Hodular Rat io for Varying Percentage of S teel Fibers 
E x106 p s i  Esteelxl0
6 psi  
Es n= E ca % S teel Fiber ca 
0 . 0 3 . 9 7 2 9  17 ) 7 . 5 5 
0 . 8  3 . 6 7 2 9  8 . 17 
1 . 2  3 . 02 2 9  9 .  60 
5 . 7  Load Carrying Capac ity 
5 . 7 . 1  Ult imate Load Capac ity 
In order to serve its main purpose , a s tructure has to be 
safe and serviceable under actual loads . Usually struc tur es are not 
0 . 6  
p 
Q . )j I p u 
0 . 4 � 
l 
o . J  
I 
0 . 2  
0 .  i 
o . o  
6 0  
Figure 5 . 25 
P /Pu a n d  Deflecti on relationship 
Main S tee l = 24t3 .4 S tee l  Fibers= O . O  
U ltimate l oa d =  1 2 . 6  Kips  
i 2 0 i 8 0 2 4 0  3 0 0  
IJ E F L E C T : O N ( ; n  x 1 0 - 3 ) 
Fig u r e  5 . 2 5  Load v :s .  Defl ecti o n  
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o . s  
0 . 7  
0 . 6  
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I O . S  
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u 
0 . 4  
0 . 3  
0 . 2  
0 .  I 
0 1 0 0 2 0 0  
Figure 5 .26 
P /Pu an d Deflection relationsh i p  
Main  Steel= 2•3 7. Steel Fibers= 0 . 8  
Ultimate l oad = 1 6 . 8  Kips 
3 0 0  4 0 0  5 0 0  6 0 0  7 0 0  
D E F L E C T I O N ( i n x 1 0 - 3 )  
figure 5 . 2 6  Loa d v s .  Deflecti on 
8 0 0  
11 2 
9 0 0  .I 0 0 0  
i . 0 
0 - 8  
Q . 7 
0 - 6  ! 
p ! I o . s p -.1 
Q . 4 r 
r 
0 - .3  
0 - 2  
0 · I  
i O O 2 0 0  
F ig ure 5 . 2 7  
P /Pu and Def lect ion relat ionsh ip  
M a i n  S teel = 2•3 1. S teel  fibers= 1 . 2 
U l t imate l oa d =  1 6 . 8  Kips 
3 0 0  4 0 0  s o o  6 J O 7 0 0  
IJ E F L E C f i O N ( . . . n ( ; 0 - 3 )  
F i g u r e  5 . 27 l o a d  v � .  D e f l e c ti o n  
8 0 0  
113 




0 2 5  s o  7 5  
Figure 5.28 
P /Pu an d Deflection re lat ionship 
�ain Steel=2•4 %. Steel F ibers=O .O 
U ltimate load = 1 9 . 95 · Kips 
1 0 0 1 2 5 1 5 0 1 !5 2 0 0  2 2 5  2 5 0  2 7 5  3 0 0  3 2 5  
D E F L E C T I O N ( i n  x 1 0 - J ) 
F ig u re 5 . 28 Load ¥3. Deflecti on 
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I 
1 .  0 
Q . 9  
o . a  
0 . 7  
0 . 6  
p 
I O . S  
p 
Q . 4  
Q . 3  
Q . 2  
0 .  1 
0 1 0 0 
Figure 5 . 29 
P /Pu and Deflection relationsh ip 
�ain Stee l = 2•4 %. Steel F' ibers=0 . 8  
Ultimate loa d =  25 . 00 Kips 
2 0 0  3 0 0  4 0 0  5 0 0  
D E F L E C T  1 O N  C 1 n x 1 0 - 3 )  
F i g u re 5 . 29 Loa d ¥ 3 .  Deflection 
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6 0 0  7 0 0  
1 . o  
0 . 9  
o . a  
0 . 7 
Q . 6  
p 
I Q . S  
p 
u 
0 . 4  
0 - 3  
0 - 2  
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Figure 5.30 
P /Pu and Deflection relat ionsh ip 
Main Steel ;:: 2•4 � Steel Fibers= 1 .2 
Ultimate load= 1 2 . 0  Kips 
3 0  4 0  s o  6 0  7 0  
D E F L E C T I O N  ( I n x 1 0 - 3 )  
Fig u re 5 . .3 0  Load vs. Deflecti on 
8 0  9 0  
1 1 6  
1 0 0 1 1 0 
I . O  
0 . 9  
o . a  
0 . 7  
0 . 6  
p 
I 0 . 5  
p 
u 
0 . 4  
0 . 3  
0 . 2  
0 . 1 
0 6 0  
fig ure 5.3 1 
P /Pu and Deflection relationship 
t.4ain Steel= 21'5 � Steel F ibers=O .O 
Ultimate load= 23. 1 Kip3 
1 2 0 1 8 0 2 4 0  3 0 0  
D E F L E C T  I O N  ( I n x 1 0 - 3 )  
Figure 5 . .3 1  Load vs. Deflection 
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3 6 0  4 2 0  4 8 0  
l .  0 
Q . 9  
o . a  
0 . 7 
Q . 6  
p 
I Q . S  
p 
0 . 4  
Q . 3  
0 . 2  
0 .  1 
0 1 0 0 
Fig ure 5.32 
P /Pu ond Deflection relationship 
Main Steel=2=t5 ·;. Steel Fibers=0 . 8  
U lt imate load= 25.2 Kips 
2 0 0  3 0 0  4 0 0  5 0 0  
D E F L EC T I O N ( i n  :c 1 0 - 3 ) 
Fig u re 5 . 32 Load vs. De flection 
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6 0 0  7 0 0 
1 .  0 
Q . 9  
o . a  
0 . 7  
Q . 6  
p 
I Q . S  
p 
0 . 4  
Q . 3  
0 . 2  
a .  1 
0 2 0 0  
tigure 5 .33 
P /Pu and Deflection relationsh ip 
�ain Steei=2• S  � Steal Fibers= 1 .2 
U l timate load= 25 .2  Kips 
4 0 0  6 0 0  8 0 0  
D E F L E C T  1 O N  ( i n x 1 0 - 3 )  
Figure 5 . 33 Load vs. Deflection 
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i O O O  1 2 0 0  
Tab l e  5 . 1 2 
Ca l c u la t ed and Ac tual Def l ec t ion at S e rv ice Load 
% S e rv ic e  H H H I I * E x10
6 
Beam F ibers load Kd Ig f r l  (_E_) 3 c r  e ca c r  a 
( in 4 > P= O .  6£1 ( in) in4 ( p s i ) K- in K-in H ( in4 ) p s i  a u 
0 . 0  7 . 00 1 .  76 2 1 3 . 3 3 5 1 3  2 7 . 3 6 6 5 . 6  . 07 2 0  4 7 . 3 5 5 9 . 2 8 3 . 9 7 
2 6 3  0 . 8  7 . 00 1 . 6 4 2 1 3 . 3 3 6 7 0  3 5 . 7 0 6 5 . 8  . 1 590 5 0 . 40 7 6 . 3 0 3 .  67 
1 . 2  7 . 00 1 .  95 2 13 . 3 3 7 5 0 4 0 . 00 6 5 . 8  . 2 2 5 0  5 7 . 3 0 92 . 40 3 . 02 
0 . 0  11 . 34 2 . 04 2 1 3 . 3 3 5 1 3  2 7 . 3 6 106 . 6  . 01 7 0  7 4 . 2 0 7 6 . 5 6 3 . 9 7 
2 U4 0 . 8 1 1 ; 3 4 2 . 3 1 2 1 3 . 3 3 6 7 0  3 5 . 7 0 106 . 6  . 03 7 6  7 7 . 90 8 3 . 00 3 . 6 7 
1 . 2  1 1. . 3 4 2 . 4 9 2 1 3 . 3 3 7 5 0 4 0 . 00 106 . 6  . 05 2 6  8 7 . 7 0 94 . 3 0 3 . 02 
0 . 0 1 2 . 00 2 . 6 5 2 13 . 3 3 5 1 3 2 1 . 3 6 1 1 2 . 8- . 01 4 3  9 7 . 2 0 96 . 8 5 3 . 9 7 
2 11 5  0 . 8  1 2 . 00 2 . 7 3 2 1 3 . 3 3 6 7 0  3 5 . 7 0  1 1 2 . 8 . 03 1 7  1 02 . 50 1 06 . 00 3 . 67 
1 . 2  1 2 . 00 2 . 8 8 2 1 3 . 3 3 7 50 4 0 . 00 1 1 2 . 8  . 044 6 1 14 . 30 1 1 8 . 7 0 3 . 0 2  
* I e  c a l cu l a t ed f rom A C I  Cod e ' s  equat ion 
�x l0-3 �xl0- 3  
a c t u a l  ca lcu l a t ed 
( in )  ( in )  
5 5  6 _4 
54 5 5  
5 3  5 5  
7 1  7 7  
7 2  8 1  
- 8 7  
7 3  6 6  
66 67 
7 1  7 3  
% 
d ev ia t ion 
- 1 4 . 0  
- 1 . 9  
- 3 . 6  
- 8 . 0 
- 1 2 . 5  
+ 9 . 6  
- 1 . 5  
- 2 . 8 
....... N 0 
12 1 
des igned only to take the service loads that occur in its  lif etime . 
In c onstruc t ion there are always some uncertaint ies of actual streng th 
of the mater ial or workmanship which have to be cons idered in the 
des ign of the s truc ture . A so-called reduction factor is introduced 
to the des ign o f  the member s to compensate for the uncertaint ies . 
In this research the reduc t ion factor is not consid ered due to ex-
treme caut ion o f  the mix design and placement o f  the reinforcement 
and o ther fac tor s . 
As explained in chap ter IV the ult imate load capac ity was cal-
cu lated by equating the external moments due to exis t ing load on the 
beam , to the internal moment capac ity of the sec t ion . The calculated 
y ield and ultimate load of the beams are shown in table 4 . 2 ,  where P . . . Y_. -
-
is the load at  which the steel in the crit ical sect ion ( a t  the middle 
support )  yielded and P is the load when the steel in the pos it ive u 
sec t ion (at  midspan) y ielded . In the beams reinforced with s teel 
f iber s there was an ef f ec t ive streng th reserved in the sec tion even 
af ter the yield of  the pos i t ive s teel , meaning the load increases 
slightly to a magnitude of Pc ' before co llap se .  Table 5 . 13 shows 
the calculated yield and ult imate loads (P and P ) and actual yield , y u 
ult imate and collap se loads (P ' ,  P ' , P ' respect ively) and t�eir y u c p 
ratio s . In table 5 . 13 the rat io of ultimate to yield load p
u 
= r called 
y 
the redistr ibut ion fac tor is computed bo th theor it ically and experi-
mentally . The eff ec t ive strength reserved in the beams are shown in 
the las t  column of table 5 . 13 .  
% S teel 
Beam Fibers 
( 1) 
0 . 0  
2 113  0 . 8  
1 . 2  
0 . 0  
21/4 0 . 8 
1 . 2  
0 . 0  
2115  0 . 8 




( 2 ) 
8 . 16 
8 . 18 
8 . 20 
14 . 4 6 
14 . 55 
14 . 60 
16 . 03 
16 . 14 
16 . 2 0 
p u 
(Kips )  
( 3) 
10 . 7 0 
10 . 7  
1 1 . 0  
1 9 . 0  
19 . 1  
19 . 15 
Table 5 . 13 
Load Carrying Capacity of  Beams 
p ' 
y 
(Kip s )  
( 4 )  
9 . 45 
10 . 5  
p ' u 
(Kip s )  
( 5 )  
p ' 
c 
(Kips )  
( 6) 
12 . 60 i 13 . 00 
12 . 60 16 . 80 
10 . 80 I 12 . 8 0 1 6 . 60 
17 . 9  19 . 95 1 9 . 95 
18 . 9  2 2 . 00 23 . 50 
p 
u r= p 
y 
( 7 )  
1 . 3 1 
1 . 31 
1 . 33 
1 . 3 1 
1 . 3 1 
1 . 31  
21 . 05 ...,. 19 . 95 21 . 50 21 . 50 1 . 31 
2 1 . 2 0 2 1 . 00 
21 . 25  2 1 . 10 
2 2 . 00 24 . 00 
2 2 . 00 24 '. 00 
1 . 3 1  
1 . 31 
p ' 




( 8 )  
1 . 33 
1 . 2 0 
1 . 1 9  
1 . 11 
1 . 1 6 
1 . 08 
1 . 05 









( 10)  
p ' c 
P' 
u 
( 11 )  
1 . 17 1 . 16 1 . 03 
1 . 17 1 . 28 1 . 3 3 
1 . 1 6 1 . 3 1 1 . 2 9 
1 . 05 1 . 23 1 . 00 
1 . 15 1 . 3 0 1 . 07 
1 . 02 1 . 24 1 . 00 
1 . 03 1 . 3 0 1 . 09 





Us ing the y ield and ult imate loads obtained from test ing the 
actual moment capac ity of  the sections can be determined . The actual 
and calculated moment capac ity of the beams are tabulated in table 
5 . 14 .  The last column in table 5 . 14 represents the percent increase 
of  the ultimate moment capac ity when steel f iber s are used . This 
increase in strength is mos t  eff ect ive when the least  percentage o f  
ma in steel is used ( p < l% ) . 
5 . 7 . 2  S trains in Main Steel and Concrete 
The main reason that  the ult imate moment capac ity of a sect ion 
increases when steel f ibers are used , is the reduction in s trains in 
the main steel . 1 The presence of  steel f ibers causes a reduct ion in 
strains of -m�in s tee l  because f ibrous concrete is more eff ec t ive in 
tension than p lain c oncrete , so  part of  the tens ile stresses are 
taken by the f iber s , lead ing to a reduct ion in stra�s and s tresses 
---
of  main s teel . The main advantage of this reduction is that the yield 
load of f ibrou s concrete increases sl ightly so the moment capac ity 
increases without chang ing the amount of main steel or cross sec t ion . 
As it was d iscu ssed in section 5 . 7 . 1 ,  the increase in strength is mos t  
ef f ect ive when low s teel percentage i s  used . In this experiment a 
maximum increase o f  abou t  11 percent was found . 
The strain in s teel or concrete at each section at any loa� 
can be found knowing the stresses at the desired part o f  the cross 
sec t ion . F igure ( 5 . 3 4 )  shows a typical cros s sect ion of  the b eams . 
( 
/ 
Tab le 5 . 14 
Ult imat e  Moment Capac ity o f  the Midd le Suppor t  
Ca lcu lated Ac tua l  % Dev iat ion Ra t io o f  % Increase 
Ult ima te Ult ima te of Actua l  Ac tua l to of Ac tua l  
Beam % Main % S t eel Neg a t ive Neg a t ive From Ca lcula t ed U l t ima t e  Moment 
S t eel Fibers Momen t Moment Calcu lated Neg a t ive From 0% S . F .  
(K-in) (K-in) Moment 
7l y " f l t 
0 . 0  9 1 . 8  106 . 3  1 5 . 8  1 . 1 5 
2 11 3  0 . 6 7 0 . 8  9 2 . 1  1 18 . 1  2 8 . 2  1 . 2 8 1 1 . 10 
1 . 2  92 . 3  l2 1 . 5  7 6 . 0  1 . 3 1 14 . 3 0 
-
0 . 0  1 6 2 . 7  2 01 . 3  2 3 . 7  1 . 23 
2 /1 4  1 . 2 1 0 . 8  163 . 7  2 12 . 7 , 3 0 .  9 1 . 30 5 . 6 6 
1 . 2  164 . 3  
-
0 . 0  180 . 3  2 2 4 . 4  2 4 . 4  1 . 24 
2 115 1 . 9 0 0 . 8  1 8 1 . 6  2 3 6 . 3  3 0 . 1  1 . 3 0 5 .  3 0  
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F igure 5 . 3 4 S tress  and S train Diagram of a Rectangular Cross  S ec t ion 
From the s tres s  d iagram shown in f igure 5 . 3 4  the stresses at  
tens ion s teel and extreme compress ive f iber can be calculated and 
d iv id ing the s tress  by the correspond ing modulus o f  elast ic ity  the 
strains can be  f ound . .  
Calculat ion of strains in concrete compres s ion zone and 
steel at servic e  load . 
The f ollowing calculation _is for Beam 1 with 2 # 3  main bar s 
and 0% s teel f ibers : 







. 00 6 7  
Cj d 
f c . 





0 . 5 
( 0 . 6  p ) ( 11 . 2 5 )  u 
7 . 55 
0 . 2 2 in 2 
f bd2 Kj c 
0 . 6 X 11 . 7  X 11 . 2 5 7 9  K-in 
0 . 27 1  
j 
K 
1 - 3 = 0 .  909 
f c 
2 X 7 9  X 1000 
5 X ( 6 . 5 6 ) 2 X 0 . 2 7 1  X 0 . 9 09 2 98 1  p s i  
M f s 
= --­
A8 . J . d  
7 9  X 1000 
60 220 p s i  
0 . 2 2  X 0 . 9 09 X 6 . 5 6 
C . X 10-6 ( .  I . ) 2 98 1  oncrete s tra 1n 1n 1n = 3 _ 9 7  x 106 
S teel s train x 10-6 ( in/ in) 
b )  At midspan 
60, 22 0 
3 0  X 10 6 
2 007 
12 6 
7 5 1  
All parameter are the same as above excep t the  bending 
moment is d ifferent . 
M 65 . 8  K-in 
f 
2 X 6 5 . 8  X 1000 
2 4 8 3  p s i  c 
5 X ( 6 . 5 6) 2 X 0 . 2 7 1  X 0 . 9 0 9  
f . 65 . 8  X 1000 5 0 , 157 . 5  p s i  s 0 . 2 2 X 0 . 9 0 9  X 6 . 5 6  
2 4 8 3  Concrete strain x 10-6 ( in/ in) 
3 . 97 X 10 6 
S t eel s train x 10-6 ( in/ in) = 5 0 , 157 . 5  
3 0  X 10 6 
1 6 7 3  
6 2 5  
The calculated and actual steel and concrete s trains  are shown 
in tables 5 . 15 and 5 . 16 respect ively for both pos i t ive and negat ive 
moment sec t ions . 
Table 5 . 1 5 
Ca lcu l a t ed and Ac tua l S t r a i n s  in Ma in S t eel a t  S erv i c e  Load 
Nega t ive Momen t Sec t ion 
% 4 M f Ca lcu la ted Ac tua l  % M 
Beam Ha in S t ee l K j a s S t ra in S t ra in dev i a t ion a n ( K - in) Ks i S t eel  X 10-6 X 1 0 -6 (K-in) 
i n / in in/ in 
0 . 0  7 . 5 5 0 . 2 7 1  0 . 909 7 9 . 0  60 . 2 2 2 007 1 5 00 -2 5  6 . 58 
2 /1 3  0 . 6 7 0 . 8  8 . 1 7 0 . 2 80 0 . 9 06 7 9 . 0  60 . 4 1 2 01 3  1 1 00 -45 6 5 . 8  
1 . 2  9 . 60 0 . 3 1 2  0 . 8 96 7 9 . 0  6 1 . 1 0 2 0 3 6  1 2 4 0 -39 6 5 . 8  
---
0 . 0 7 . 5 5 0 . 3 1 3  0 . 8 9 5  1 2 7 . 6  , 54 . 8 0 1 8 2 7  1 8 2 0  -0 . 4  1 06 . 6  
2 /1 4  1 . 2 1 0 . 8  8 . 1 7  0 . 358 0 . 8 80 1 2 7 . 6  5 5 . 7 7 1 8 5 9  1 560 -16 106 . 6  
1 . 2  9 . 60 0 . 4 00 0 . 8 6 1  1 2 7 . 6  5 7 . 00 1 9 00 - - 1 06 . 6  
... �· 
0 . 0  7 . 5 5 0 . 4 1 0  0 . 8 6 3  1 3 5 . 0  3 9 . 8 0 1 3 2 7  1 3 00 -2 . 0  1 1 2 . 8  
2 11 5  1 .  9 8  0 . 8  8 . 1 7 0 . 4 24 0 . 8 5 8  1 3 5 . 0  4 0 . 00 1 3 3 3  1 000 -2 5 1 1 2 . 8  
1 . 2  9 . 60 0 . 4 66 0 . 84 4  1 3 5 . 0  4 0 . 7 1 1 3 57 1030 -24 1 1 2 . 8  
Po s i t ive Moment S ec t ion 
f Ca lcula ted Ac tua l  % 
s S t r a in S t r a in d ev iat ion 
( Ks i )  X 10-6 X 1 0- 6 
in/ in in/ in 
5 0 . 2 0 1 6 7 3  1 3 00 -2 2  
50 . 3 0 1 6 7 6  1 1 00 -3 4 
5 0 . 9 0 1 6 9 7  1 6 1 2  -5 
4 5 . 8 0 1 5 2 7  1800 +1 7 
4 6 . 60 1 5 5 3  1 3 5 5  - 1 2  
4 7 . 60 1 586 
3 3 . 2 7  1 1 1 0  1 3 3 6  +20 
3 3 . 4 6 1 1 1 5  1 009 -10 




Table 5 . 1 6 
Ca lcu lated and Ac t ual S tra ins on Concrete Compress ion Zone at S erv ice Load 
Nega t ive Moment S ec t ion 
% % E H f Ca lculated Ac tual % H f Beam Ma in S t eel ca a c S tra in a c n K j xlo6 (K- in) ( ps i )  S t r a in d i 1 ( K-in) ( ps i) S t eel F iber 
X 10-6 _6 
ev a t  on 
p s i  X 1 0  
in/ in in / in 
0 . 0  7 .  5 5  0 .  2 7 1 .  0 .  909 3 . 97 7 9 . 0  298 1 7 51 7 0J> -6 . 8  65 . 8  2 483 
2113 0 . 67 0 . 8  8 . 17 0 . 280 0 . 906 3 . 6 7  7 9 . 0  2895 789 685 - 1 3 . 0  6 5 . 8  2 4 1 1  
1 . 2  9 . 60 0 . 3 12 0 . 896 3 . 02 7 9 . 0  2 6 2 7  9 3 1  100 1 +7 . 5  65 . 8  2 188 
0 . 0  1 . 55 0 . 3 1 3  0 . 895  3 . 9 7  1 2 7 . 6  4 3 1 2  1 086  884  - 18 . 0  106 . 6  3 5 92 
2 # 4  1 . 2 1  0 . 8  8 . 1 7 0 . 358 0 . 880 3 . 67 1 2 7 . 6  3 8 3 5  104 5  950 -9 . 0  106 . 6  3 1 94 
1 . 2  9 . 60 0 . 400 0 . 86 1  3 . 02 1 2 7 . 6  3 5 08 1 2 4 4  - - 106 . 6  2 9 2 2  
0 . 0  1 . 55 0 . 4 10 0 . 863 3 . 97 1 3 5 . 0  3 680 9 2 7  1 002 +8 . 0  1 1 2 . 8  3 065 
2 # 5  1 . 98 0 . 8  8 . 1 7 0 . 4 24 0 . 858 3 . 6 7 1 3 5 . 0  3 5 7 9  9 7 5  1 1 00 +3 . 0  1 1 2 . 8  298 1 
1 . 2  9 . 60 . 0 . 4 6 6  0 . 844 3 . 02 1 3 5 . 0  3 3 1 1  117 4 1 180 +0 . 5  1 1 2 . 8  2 7 58 
Pos t ive Moment S ec t ion 
Ca lcu lated Ac tua l % 
S t ra in S t r a in dev ia t ion 
X 1 0-6 X 10-6 
in/ in in/ in 
6 2 6  6 J_ �  + 0 . 6  
6 5 7  6 2 3  - 5 . 0  
7 7 6  640 - 1 7 . 0  
905 810 - 1 0 . 0  
8 7 0  9 3 0  + 7  . 0  
1 036 
7 7 2  7 6 5  - 1 . 0  
8 1 2  7 60 - 6 . 4  





5 . 8  Crack Widths 
Due to the low tensile strength of  concrete , cracks will 
develop in members where tensile f orces exis t . Development of large 
cracks has to be  prevent ed mainly because it leads t o  deter ioration 
- of the main reinforcement , and changes the characteris t ic s  o f  the 
s teel due to weather ing caus ing unexpected and premature failure . 
Cracks are least present when low tens ile s treng th steel is 
used . Low s tres ses reduce the chance of development  of larg e cracks 
at  service load s . High  streng th steel developes h igh s tr esses  at 
serv ice  load which could cause visible large cracks . Therefore , the 
maximum allowable crack width mus t  be limited to a l imited value . 
In 1 9 68 Gergely and Lutz  developed the following equat ion 
to est ima te the crack wid th for s teel s tresses up to 60 percent of  
yield s tress  o f  t he s teel . 
3,....---w = o . o 7 6 • sh • f I d . A s c c 
wher e :  Bh = rat io of  the distance from neutral axis to  the 
extreme tens ion f iber ,  to the d is tance from 
neutral axis to steel centro id . 
f = s teel stress (ks i) s 
d thickness of concrete cover measured f rom c 
extreme tension f iber to center of bar located 
closest  thereto . ( in ) 
Ac the ef f ec t ive tens ion area of  concrete around the 
main reinforcing (having the same reinforcement 
centroid , d ivided by the number of bar s ) . in2 
13 0  
The ACI Code adop�ed the preced ing equat ion and used a value 
of sh = 1 . 2  with the cross sect ion so proport ioned that the f ormula 
is limited to a maximum value of  1 7 5  Kip s  p er inch 
for inter ior member s and 145 Kips  per inch tor exter ior members .  
These limit ing values allow maximum crack widths o f  0 . 01 6  inches 
and 0 . 01 3  inches f or inter ior and exter ior members tespect ively . 
Crack Width and Crack Spacing Measurements 
As explained in Chap ter I I I  the crack wid ths  were measured 
at  d if f erent loads by the use of a mechanical dial gag e with an 
accuracy of ten thousandth of an inch . The crack widths were deter-
mined at  both negat ive ( over the middle support )  and pos it ive sec t ion 
(under the load) . Calculated and exper imental crack widths are shown 
in tables 5 . 17 and 5 . 18 .  The d if f erential of  all reading s were the 
crack wid ths measurements  which are recorded in tables C . l through 
C . l8 in Append ix C .  
The spac ing of the cracks were also measured at  servic e  load 
and ult imate . The maximum and minimum crack spacing along with the 
number of cracks at each cr it ical section at service load and ult imate 
are shown in tables 5 . 19 and 5 . 2 0 .  
% Ma in % S t eel 
B eam S t eel F ib e r  
---· -- � 
0 . 0 
2 11 3  0 . 67 0 . 8  
1 . 2  
0 . 0  
2 11 4  1 . 2 1 0 . 8  
1 . 2  
0 . 0  
2 11 5  1 . 8 9 0 . 8  
1 . 2  
2 11 6  
and 2 . 7 6 0 . 8  
2 11 3  
Tabl e  5 . 1 7 
Max imum Ca l cu l a t ed and Ac tua l  Cra c k  W id ths a t  t he M idd l e  Suppo r t 
S e rv ic e f 
8
=0 . 6 f 
Y 




crack w id th Ac tua l crack 
Kips  Ks i in in in
2 
lo-4 in l o-4 wid t h  
.G 4 0 . 0  1 .  7 8  1 . 4 4  7 . 2 1 . 3 0 86  82  
5 . 0  4 0 . 0  1 . 8 3 1 . 4 4 7 . 2  1 . 3 0 8 6  6 0  
" 
4 0 . 0  2 . 04 1 . 4 4  7 . 2 1 . 3 1 8 7  5 5  
4 2 . 0  2 . 03 1 . 5 0 .7 . 5 1 . 3 3 9 5  1 0 5  
9 . 0  4 2 . 0  2 . 3 2 1 . 50 7 . 5  1 . 3 5 9 7  8 0  
4 2 . 0  2 . 60 1 . 5 0 7 . 5 1 . 3 8 9 8  
' '  � 3 9 . 0  2 . 64 1 . 5 6 7 . 8 1 . 4 1 9 5  1 1 7  
9 . 3  3 9 . 0  2 . 7 3 1 . 5 6 7 . 8 1 . 4 2 9 7  1 0 7  
3 9 . 0  3 . 00 1 . 5 6 7 . 8 1 . 4 5 9 9  6 8  
I 
1 6 . 8  3 7 . 8  2 . 9 6 1 . 6 0 8 . 0  1 . 4 6  9 8  103 
% dev ia t ion 
- 5 
+4 3 
- 3 7 
+10 
- 1 7 







% Ma in % S t eel 
Beam S t ee l  F iber 
0 . 0  
2 11 3  0 . 6 7 0 . 8  
1 . 2  
0 . 0  
2 11 4  1 . 2 1 0 . 8  
1 . 2  
0 . 0  
2 (1 5  1 . 8 9 0 . 8  
1 . 2  
2 1/ 6 
and 2 . 7 6 0 . 8  
2 11 3  
Tab l e  5 . 18 
Max imum Ca lcu la t ed and Ac tual Cra c k  W id t hs a t  Mid span 





5 . 0 
9 . 0 
9 . 3  
1 6 . 8  
f ,= 0 . 6  f ti y 
Ks i 
'X. 3 4  
3 4  
34  
3 5  
\ l 
3 5  C. .  
3 5  
3 3  
S c  3 3  
' 
3 3  
3 2  
Kd 
in 
1 . 7 8 
1 . 8 3 
2 . 04 
2 . 03 
2 . 3 2 
2 . 60 
2 . 64 
2 . 7 3 
3 . 00 
2 . 9 6 
d Ac sh Calcula ted max . c 
c ra c k  w id t h  
in in 
lo-4 inc h 
1 . 4 4 7 . 2  1 . 30 7 3  . .  
1 . 4 4 7 . 2 1 . 3 0 7 3  
1 . 44 7 . 2 1 . 3 1 7 4  
1 . 5 0 7 . 5 1 . 3 3 7 9  
1 . 5 0 7 . 5  1 . 3 5 8 1  
1 . 5 0 7 . 5  1 . 3 8 8 2  
1 . 5 6 7 .. 8 1 . 4 1  8 0  
1 . 5 6 7 . 8 1 . 4 2  8 2  
1 . 5 6 7 . 8 1 . 4 5 . 8 4  
1 . 60 /8 . 0  1 . 4 6  8 3  
" 
.. 
Ac tua l max . 
c ra c k  wid t h  
lo-4 inc h 
8 7  
5 7  
4 9  
8 3  
6 5  
7 5  
5 7  
4 6  
9 8  
% d ev i a t ion 
+19 
- 2 2  
- 3 4  
+ 5 
- 1 9  
- 6 
- 3 0 
-4 5 




Table 5 . 1 9 
Max imum and M in imum Crac k Spa c ings a t  t h e  Hiddl e Suppo r t  ( nega t iv e  r eg ion) 
% Ma in % S t eel Max imum 
Beam S t eel F iber s S pac ing 
( inc he s )  
0 . 0  8 
2 11 3 0 . 6 7 0 . 8 5 
1 . 2  6 
0 . 0  5 
2 11 4 1 . 2 1 0 . 8  4 
1 . 2  
0 . 0  6 
2 11 5  1 . 8 9 0 . 8  3 
1 . 2  5 
2 11 6  
and 2 . 7 6 0 . 8  4 
2 11 3  
* R t i = Av er age SEac ing no f ibers a 0 
Aver age spac in g  w i th f ib er s  
Min imum 
S p a c ing 
( inc hes) 
2 . 0 
2 . 0 
1 . 5  
2 . 0 
2 . 0 
3 . 0  
1 . 0  
2 . 0 
2 . 0  
Averag e Ra t io *  Number o f  Cracks 
S pac ing a t  s e rv ice l oad a t  f a i lu r e  
( inches } 
5 . 5  1 . 00 4 6 
3 . 5 0 . 6 5 3 5 
3 . 1  0 . 5 5 4 7 
3 . 5 1 . 00 3 4 
2 . 8 0 . 8  3 7 
4 . 5  1 . 00 3 4 
3 . 6  0 . 8 0  4 7 
3 . 0 0 . 6 7 3 5 




Table 5 .  2 0  
Max imum and Min imum Crac k Spac ings a t  Mid spans ( Po s i t iv e  Reg ion) 
% Ma in % S teel Max imum 
B eam S t eel F ibers S pa c ing 
( inches) 
0 . 0  7 . 0 
2 11 3  0 . 67 0 . 8  4 . 5  
1 . 2  4 . 0  
(} . 0 5 . 0  
2 1/  L• 1 . 2 1 0 . 8  3 . 5  
1 . 2  
0 . 0  5 . 5  
2 fl 5  1 . 8 9 0 . 8  4 . 0 
1 . 2 5 . 0  
2 /1 6  
and 2 . 7 6 0 . 8  3 . 0  
2 11 3  
*Ra t io = Average SEa c ing no f iber s  
Average S pa c ing w i th f iber s 
Min imum 
S pac in g  
( inc hes) 
3 . 0 
2 . 0  
2 . 0  
4 . 0  
J . O  
2 . 0 
1 . 0  
2 . 0 
2 . 0  
Average Ra t io *  Numb e r  o f  Cr a c ks 
S pac ing at serv ic e load a t  f a i lu r e  
( inches) 
5 . 3 0 1 . 0 0 5 6 
2 . 7 5 0 . 5 2 6 9 
2 . 5 0 0 . 4 7 4 8 
4 . 50 1 . 00 4 5 
2 . 3 0  0 . 5 1 5 1 1  
3 . 9  1 . 00 4 5 
3 . 7 0 . 9 4 3 6 
3 . 2  0 . 8 2 4 7 






DISCUSS ION OF RESULTS 
6 . 1  Compres s ive S trength 
S tandard s ize concrete cylinders ( 6"xl2" )  were used to test 
the 28 day compressive strength of  p lain and f ibrou s  concrete . The 
percentage of steel f ibers  used were 0 . 0 , 0 . 8  and 1 . 2  
Four cylinders were tes ted for each mix .  Ther e was a little 
increase in compres s ive streng th as the percentage o f  s teel f iber s 
increased . Table 6 . 1  shows a summary of  t he results . 
Tab le 6 . 1 
% S teel Fibers Compressive S treng th ( p s i) 
0 . 0  4 , 5 84 
0 . 8  4 , 805 
1 . 2  4 ,  9 2 /  
% increase from 
0% S teel Fiber s 
4 . 8  
7 . 5  
I t  is obvious that  the increase in strength is not s ignif icant compared 
to the increase of f ib er s . A maximum 7 . 5  percent increase of s trength 
was obtained by using 1 . 2 percent steel f ibers and 4 . 8  percent  increase 
with 0� 8 percent s teel f iber s in the concrete . This  shows that the 
use of steel f iber s  is no t an eff icient method to increase  c ompressive 
streng th of concrete . Th is result was also ob tained by other re-
(30 48 ) searchers z ... ' r where an ins ignif icant or no increase in compr essive 
streng th using steel f ibers wa s concluded . 
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F igur es 6 . 1  and 6 . 2 show t he d if f erence i n  t he mod e s  o f  
f ailure b etween pla in and f ibrous concre t e  cylinder s .  
6 . 2 Modu lus o f  E la s t ic ity 
The modulu s o f  ela st ic it y  o f  p la in and f ibrou s c oncr ete was 
determined by t es t ing e ig ht s tandard s iz e  cyl inder s .  Us ing the 
sec an t  modulu s ,  the a c tual modul i o f  ela s t ic ity of pla in and f ib -
r ou s  c oncre t e  wer e d e t erm ined and a summary o f  t he r e sul t s  is shown 
in tabl e  6 . 2 .  
Tab le 6 . 2 
Modulu s o f  E la s t ic ity o f  F ibrous Concr ete 
% S t eel F ib er 
0 . 0  
0 . 8  
1 . 2 
E x106 p s i  c 
l· �;,� / 
3 . 9 7 
3 . 67 
3 . 02 
% d ec rea se f r om 
0% S teel F iber s  
-7 . 6  
-2 4 . 0  
I t  is appar ent from tab l e  ( 6 . 2 )  that t he modu lus o f  ela s t ic ity 
of c onc r e t e  decrea s e s  when steel f iber s  are u sed . The d ec r ea s e  is 
7 . 6  percent f or 0 . 8  p ercent s teel f ib er s  and 24 . 0  p er c ent f or 1 . 2 
percent s t eel f ib er s . The summary o f  calculat ed and a c tual modu l i  
o f  ela s t ic ity are shown i n  tab le 6 . 3 .  
In table 6 . 3  f or p l a in concret e ,  a dev ia t ion o f  0 . 2 5 p ercent 
s hows an agreemen t b etween this exp er iment and the ACI f ormula f o r  
modu lus o f  elas t ic it y  calculat ion . A s  the amount o f  s teel f ib er s  
13 7 
Figure  6 . 1  Failure of  plain concrete in compression 
F igur e 6 . 2  Failure of  f ibrous concrete incompression 
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Table 6 . 3  
% S teel Fiber s E x106 ( p si) E 106 C C X ( p s i) % deviat ion from ca 
from test ing ACI Code ACI Code 
0 . 0 � 97  3 . 98 - 0 .  2 5  
0 . 8  3 . 67 4 . 29 r 14 • SQ  
1 . 2  3 . 02 4 . 3 1 3 0 . 00 
increase to  0 . 8  and 1 . 2  percent the deviation increa ses to 14 . 50 
and 30 . 00 percent respec t ively . 
The ACI formula ( E  = 3 3  w1 · 5 If' ) cannot be u sed to cal-\ c c ) culate the modulus of  elast ic ity of f ibrous concrete because the ACI 1 formula over-estimates the ' Ec ' where the actual values are much \ sma ller . 





gress ion and the best  f i tt ing lirte through the data po int s w'a. S evaluated 
and shown in f igure ( 6 . 3 ) . m = E / 3 3w1 · 5 1f' versus percentage of cc c 
steel f iber s in the concrete mix . The best  f it t ing line thru the data 
had a slope of ( -0 . 2 3 )  and an intercept of ( 1) m = 1 0 . 2 3p s . Apply-
ing this coef f icient to  the ACI formula ,  then the following is ob-
tained : 
E cc  m 33  
l .  
5
/f' w c 
or Ecc = ( 3 3 - 7 . 6p �  w
1 · 5� ( 6 . 1) 
The correlation coef f ic ient between 'm ' and ' p ' was 0 . 92 0 which means 
about 8 5% ( r2 = 0 . 85 ) o f  the var iat ions is accounted f or and an ' F ' 
E 
c 
I � 3 () 0 8 0 -
3 t.S'" ow 
If 
C) 0 7 0 ..:: 
C) 0 6 5 _j 
() 0 6 0 -� 
I 
() 0 ()  0 ° 2  
Fi g u re 6 0 3  
M o d u l u s  o f  e l a st i c ity c o e f fi c i e n t  v s o  
S teel Fibers 
m= 1 -0 o2 3fs 
Corre l a t ion C o e f fi c i e n t = O o 9 2 0  
() O J  0 ° 6  0 0 .-3 
F i g u re 6 o 3  m vs o S te e l  F i b e rs 
I o 'J 
' ' 
13 9 
I o 2 
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value of  2 8  which is h ighly s ignif icant ( Table D . l) . U s ing equa -
t ion 6 . 1  t o  es t ima te the modu lu s of ela s t ic ity of  f ibrous c oncre t e , 
prov ides tab l e  6 . 4  where calcu lated va lu es u s ing equat ion 6 . 1  and 
actual values ar e compar ed . 
Tab le 6 . 4  
"' 
Cy l ind er % S . F .  Uni t  Weight f ' E x10 6 \ E 6 % dev ia t ion xlO . c cc  ca 
pcf ( p s i) p s i  J p s i  � equ . 6 . 1  <:::::::: :::::::> 
Cl 0 . 0  148 . 5  4 4 2 1  3 . 9 7 4 . 06 -2 . 2  
C2  0 . 0  147 . 6  4 7 1 9  4 . 0 1 4 . 05 -1 . 0  
C3 0 . 0  148 . 0  4457  3 0 97  3 . 8 5  +3 . 0 
C l  0 . 8  15 2 . 6  4828 3 . 53 3 . 8 3  --7 . 8  
C 2  0 . 8  15 1 . 5  47 9 2  3 . 4 7 3 . 5 0  -1 . 0  
C2 1 . 2  15 1 . 8  4863 3 . 11 2 . 7 0 +15 . 0  
C3 1 . 2 152 . 1  4 8 7 3  3 . 13 3 . 2 5 - 4 . 0 
Equa t ion 6 . 1  app l i es to concrete with s treng ths rang ing from 
4000 to 5 000 p s i .  The r e su l t s  cou ld vary with f ' less than 4000  c 
p s i  or f or high s t r eng t h  concret e .  The d iscrepancy in reduc t ion of 
modu lus of elas t ic ity when p ercent steel f ibers are increa s ed ' is 
that , add i t ion of s t eel f ib er s  s l ightly increases the " f  ' " and ther e  c 
is a po s it ive r elat ionship b e tween compress ive s t r eng t h  and modulu s  
of  ela s t ic i ty , t her ef or e  modu lus of  elas t ic ity s hould inc r ea s e  
theo r i t ically . 
14 1 
The resu l t s  o b ta ined in th is research shows that a t  a g iven 
stress l evel ,  the s tr ains of f ibrous concrete cyl inder s ar e muc h  
higher than tha t of p lain c oncrete cylinders . Th i s  inc r ease of  
s tra in when f ib ers ar e used , proves that the d ef o rma t ion of  f ibrou s 
concrete at a g iven l evel of stres s  is h igher than p la in concrete due 
to more duc t il ity . The ma in reason for th is, is the d if f er ence b etween 
the bond charac t er is t ic s of f ibrous concr ete and plain concrete . 
In p la in concrete, the bond is only between the agg r eg a te 
and cement pas te bu t in f ibrou s  concr ete the bond is b e tween : a) 
f ib er and c ement and b ) agg regate and cement and i t  is appar ent that 
the bond streng t h  o f  s teel f ib er s  with cement in compres s ion is 
weaker t han aggr egate with cement . The unu sual po int her e  i s  t ha t  
this weaknes s  of bond s tress between f iber and cemen t  no t only adds 
to the streng t h  bu t improves the concrete duc t il ity as  well . There 
ar e h ig her d ef o rma t ion in mor e duc t ile mat er ials , theref ore h igher 
s tra ins ar e expec ted in f ibrou s  concret e .  
6 . 3 Split  Cyl inder 
One o f  the method s used to test the tens ile s treng t h  of p la in 
and f ibrou s  concrete was the split cylinder test accord ing to ASTM 
s tandards
.
C 7 8 . 
S even cy l inder s were t es ted with percentag e of  s t ee l  f iber s  
vary ing f rom z ero to 1 . 2  percent . The summary of the results  ar e 
shown in tab l e  5 . 4 and 5 . 5 . 
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As i t  is obv iou s the percentage o f  dev iat ion o f  ac tual va lu es 
from the AC I Code fo rmu la for norma l weight conc r e te ( f  = 6 . 7 1�-.) c t  c 
incr ea ses by 20  and 3 5  p ercent for 0 . 8 and 1 . 2 p ercent s t eel f ib er 
r esp ec t ively . Thi s  ind icates tha t  the ACI Code f ormula i s  not 
appl icable t o  f ibrou s concre te . Tab le 5 . 5  shows an incr eas e  in 
ten s ile s t r eng th o f  28 and 47  percent for 0 . 8  and 1 . 2  p erc ent s teel 
f ib er u sed in the mixes . 
A l inear regr ess ion s ta t is t ica l ana ly s is wa s done , and a bes t 
f it t ing l ine through the data was found w i th an int erc ept of 6 . 7 and 
a slop e o f  2 . 3  ( f igur e  6 . 4 ) . The corr elat ion coef f ic i ent b etween 
( f c t / �) and ( p s) is 0 . 9 9 7 9 which means 9 9 . 6  p ercent o f  the var ia-
t ions is  accounted for and an ' F ' value of 246 wa s ob t a ined ( Table 
D.  2 ) .  
Theref or e  the s p l i t  cylinder streng t h  of f ibrous c oncr ete 
w it h  compr es s ive streng th b e tween 4000 to 5000 psi can b e  calcula ted 
by equa t ion 6 . 2 . 
f. 
c s  
( 6 . 2 ) 
where : f c s  spl it cy l inder s tr eng th o f  f ibrou s  concrete ( p s i )  
% s t eel f ib ers 
= compr es s ive s treng th ( p s i) 
The calcul a t ed valu es for sp l i t  cyl inder streng t h  o f  f ibrou s 
concr ete are shown in table 6 . 5 .  
The mod es o f  fa ilure of  p la in and f ibrous concrete  are shown 
in f igur e 6 . 5  and 6 . 6 . Cy l inder s  without steel f iber s  had a sudden 
9 . 2 5 
9 . 0 0 
8 . 7 5 
8 . 5 o 
8 . 2 5 
F 
c 
T s . oo 
I 
If 
7 . 7 5 
7 . 5 0 
7 . 2 5 
7 . 0 0 
6 . 7 5 
6 . 5 0 
o . o  0 . 2  
Fig u re 6 .4  
Split Cylinder Test of Concrete 
FCS=( 6 .  7 +2.3f's)v'fCT' 
Correlation coeffic ient=O . 998 
0 . 4 0 . 6  
/. S T E E L  F I B E R S  
o . a  
Figure 6 . 4  FCT 1R vs:l. Steel Fibers 
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* 
1 .  0 1 . 2 
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F igur e  6 . 5  Fa ilur e of pla in concrete in t ens ion 
F igu r e  6 . 6  Fa ilur e of f ibrous concrete in t ens ion 
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fa ilure w ith a s ingle crack . Fibrous concrete cylinder s f a iled at 
higher s tr esses and in a duc t ile manner w it h  no sudden f ailure . 
Tab le 6 . 5  
Actual and Ca lculated Spl it Cyl inder S trengths 
Calcula t ed 
% S teel F iber f ' ( p s i) f cta f ( p s i )  c c s 
( p s i) equa t ion 6 . 2  
0 . 0  4 , 5 84  433 454 
0 . 8  4 , 805 555 592 
1 . 2  4 , 9 2 7  6 3 5  6 64 
6 . 4  Modu lus o f  Ruptur e 
% dev iat ion 
from actua l 
value 
+4 . 8  
+ 6 . 6  
+4 . 6  
The modulu s o f  rup tur e of p lain and f ibrous concrete was 
determ ined f or f our s tandard s iz e  beam 6"x6"x2 1" us ing AS TM s tand-
ard C 7 8 . The f a ilur e of plain cqncr ete was sudd en with a s ingle 
crac k ,  on � he o t her hand the f a ilure of  f ibrous conc r e t e  b eams had 
two s tag es a f ir s t  crack and a duct ile co llap se . Af ter the f ir s t  
crack star ted the b eam was abl e  t o  withstand the load and even i t s  
load carry ing capa c i t y  incr eased u p  to failure when t he b eams wer e  
exhaust·ed and could no t carry any load ( f igur e 6 . 7 ,  6 . 8 ) . 
6 . 4 . 1  F ir s t  Cra c k  S tr ength 
F ir s t  crac k s t arted when the debond ing of the f ib er s  f rom 
the cement mo r tar b egan . When the bond shear str eng t h  between t he two 
ma t er ial wa s ex:ceeded ,. a  so called " f iber pu ll-out "  ac t ion took p lace . 
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F igur e  6 .  7 Fa ilure o f  pla in concrete in f l exur e  
F igur e 6 . 8  Fa ilure of  f ibrou s concr et e in f lexur e  
147  
Pttjf-- %:! 
The resu l t s  of  the f ir s t  crack s treng th are shown in table 5 . 6 .  
The ac tual va lues were compar ed with ACI Code f o rmula f = 7 . 5 � r c 
f or normal weight concrete , and the percentage o f  dev ia t ion ranged 
from 2 t o  4 2  p ercent . The ACI Code formula canno t b e  u s ed f or f ibrous 
concr ete , therefore a regres s ion analysis was p er f o rmed for the data 
and the rat io ( f 1/ �) and vo lume p ercentag e o f  s teel f ib er wer e 
r c 
plo t ted ( f igur e  6 . 9 ) . An int ercep t of 7 . 5 and a s lo p e  o f  2 . 6  wa s 
o b ta ined with F = 2 13 which is highly s ignif icant and a correla t ion 
coef f ic ient of 0 . 9 9 6 7  ( Table D . 3 ) meaning abou t 9 9  p ercent of the 
f rl / � var ia t ion due to increase of  s teel f ibers  is accounted for 
and the fo llowing equat ion can be used to calcu la t e  t he f ir s t  modulu s 
of  rup ture of f ibrou s concrete . 
wher e 
f r l  ( 7 . 5  + 2 . 6  p s) If' c 
f = f ir s t  modulu s o f  rup ture psi  
rl  
P s 
= % s t eel f ib ers by volume 
f ' comp re s s ive streng th at 28 days ( p s i) c 
( 6 .  3)  
Tab l e  6 . 6 compar es the ac tual and calcua l t ed va lues  f or f ir s t  
modulus of  rup ture u s ing equa t ion 6 . 3 .  
6 . 4 . 2  Ult ima t e  Modulus o f  Rupture 
Af t er pu ll-out of  f ibers star t ed to take p lace , the load carry-
ing capac ity increa s ed slowly unt il the ult ima t e  b ond shear s treng t h  
o f  f ib er and c ement wa s reached . Then the load decr eased and the 
fa ilur e occured , bu t t he f a iled spec imen d id no t d i s int egra t e  becau s e  
j Q . 8  
J Q . ') 
1 0 - 2  
9 . q  
9 . 6  
9 . 3  
� 
R 
1 9 - 0  
I 
{; 8 . 7  
8 . 4 
8 · I  
7 . 8  
( . ')  
* 
7 . ,2 -
o . o  
Figu re 6 . 9  
First Modu l us  o f  rupture vs. 
/., S teel Fi bers _ 
FR 1 =(7 .5+2 . 6/'s)/rc' 
Correlat ion c o e f fic i9 n t=0 . 9 9 67 
Q . 4  o . G  
'z S T E E L  F 1 9 E � S  
F i g u re 6 . 9  FR 1 /Jf2 v3 . '/c Stee l  Fibers 
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i .  0 i .  -2 
1 4 9  
Table 6 . 6  
Ac tual and Ca lcu la t ed Va lues of Fir s t  Modulus 
of Ruptur e Us ing Equa t ion 6 . 3  
Ca lculat ed f rl % dev iat ion 
% S t eel F ib er s f ' ( p s i) fr l  p s i  us ing equa t ion from ac tual c 6 . 3  ( p s i) value 
0 . 0  4 58 4  5 13 508 1 . 0  
0 . 8  4 8 05 67 0 664 - 1 . 0  
1 . 2  4 9 2 7  7 5 0  7 4 5  - o .  7 
of the s t eel f ib ers . The resul t s  of the ultima t e  modu lus o f  rup ture 
is shown in tables 5 . 6 and 5 . 7 .  F ibrou s concr e t e  r e infor ced with 
0 . 8  and 1 . 2  p er c ent s t eel f ib ers r esu lted {nto an increase o f  ul-
t imat e  modulus of  rup tur e of 48 and 7 5  p ercent resp ec t iv ely . Tab l e  
5 .  6 a l s o  shows that t h e  ACI formu la ( f  = 7 .  5 ff' ) canno t b e  u s ed r c 
to calcu la t e. the ul t ima t e  modulus of  rup ture for f ibrous concr e t e . 
A s ta t is t ical ana lysis s imilar to f ir s t  modulus of  rup ture 
was p erf ormed and t he ra t io ( f  ; If' ) versu s % s t eel f ibers were 
ru c 
p lo t t ed . An intercep t of 7 . 5  and a slope of 4 . 3 5 was ob ta ined f or 
the b e s t  f it t ing r egress ion l ine with a ' F '  value 5 3 5  and a cor-
relat ion · coef f ic ient of  0 . 994  ( Tab le D . 4  and f igur e 6 . 1 0) . E qua-
t ion 6 . 4  can b e  u s ed t o  calcu la t e  the ul t ima t e  modulus o f  rup ture o f  
f ibrous conc r e t e  with vo lume o f  s teel f ib ers rang ing f r om 0 . 0  t o  
1 . 2  percent . 
f ru ( 7 . 5 + 4 . 3 5 p s) /f"' c ( 6 . 4 ) 
1 2 . 5  
1 2 . 0  
1 1  . 5 
1 1  . 0 
1 0 . 5  
� 
R 
u 1 0 . 0  
I 
jf 
9 . 5  
9 . 0  
a . s  
a . o  
7 . 5  
7 . 0  
o . o  0 . 2  
Figura 6 . 1 0  
U ltim ate Modulus o f  rupture vs. 
/. S teel Fibers 
FRU =(7 . 5+4.35fs){F? 
Corre lation coefflclant=O. 994 
0 . 4 0 . 6  0 . 8  
/. S T EE L  F 1 B E R S  
Figure 6 .  1 0 FRU /Jf? V3. "to Steel Fiber3 
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1 .  0 1 . 2 
1 5 1  
Table 6 . 7  shows t h e  ac tual and calculat ed u l t ima te modulu s 
of rup tur e for p la in and f ibrous concrete u s ing equa tion 6 . 4 .  
Table 6 . 7  
Ac tual and Ca lcula t ed Ult imate Modulu s  
of  Rupt�r e Us in& Equat ion 6 . 4  
Ac tual Calcu la t ed 
% S teel F ibers f ' ( ps i) f ( p s i) f u s ing c ru ru 
equat ion 6 . 4 
( ps i) 
0 . 0 4 , 5 8 4  513  5 08 
0 . 8  4 , 8 05 7 60 7 61 
1 . 2  4 , 9 27  900 8 92 
% deviat ion 
f r om actual 
value 
-1 . 0  
+o . 2  
-1 . 0  
The r esu l t s  of  tab le 5 . 7  shows a reserved streng th in f ibrous 
conc r ete af t er the f irst  crack occur s .  This r es erved s tr eng t h . can 
fru 
b e  shown in terms of p ercentage by calculat ing the ratio of --- f or frl 
each p ercentag e of s t eel f ibers . Tab le 6 . 8  shows a summary o f  the s e  
resul t s . 
The modu lu s of  rup ture at f irst  crack and u l t imat e  bo th have 
a po s i t ive l inear r ela t ionship with th� volume p ercentag e of  steel 
f ib ers up t o  1 . 2  percent . S imilar results wer e o b ta ined by o ther 
researcher s ( 3 4 , 4 7 ) wher e they conc lud ed a pos it ive l inear rela t ion-
ship b e tween f lexural s tr eng t h  of  concrete with t he p er c entag e of 
steel f ib ers . 
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Tab le 6 . 8 
f % s t r eng t h  % s t r eng th 
% S t eel F iber f ( p s i) f rl ( p s i )  
r u  
reserved reserved f r om 
fr l  
ru 
sugge s ted 
equat ions 
0 . 0  5 13 5 13 1. 00 0 . 0  0 . 0  
0 . 8  7 60 6 7 0  1 . 13 13 . 0  1 4 . 0  
1. 2 9 00 7 50 1 . 2 0  2 0 . 0  1 9 . 0  
6 .  5 Rot a t ions 
Ro ta t io n  capac ity o f  r e info rced c oncre t e  c ont inuou s b eams 
was d et ermin ed and t he r e su l t s  are s hown in tab le 5 . 9 .  Impo r tant 
f a c to r s  af f ec t ing t he pr ed ic t ion of a c tual ro ta t ion capa c ity 9f 
r e inf or c ed c oncr et e  ar e the p l a s t ic hinge l eng t h ,  and the curva ture 
d istr ibu t ion f a c tor . E quat ion 2 . 3  ( 8  = 8 . ¢  . BL ) shows t he impor t ance 
p p -L 
o f  the c orr e c t  a s sump t ion o f  ( H�) and ( 8) ,  where in mo s t  calcula t ions 
( S) is taken a s  un ity and (H1) = d ( ef f ec t ive dep th) . In this sec t ion 
the r e su l t s  o b ta ined f r om a c tual tes t ing will be s t a t i s t ic ally ana lyzed 
and a l so the ef f ec t  o f  s teel f ib er s  on pla s t ic ro ta t ion o f  r e infor ced 
concrete will b e  d is cu s s�d . 
6 . 5 . 1  P las t ic H inge s  
The p la s t ic h ing es were measur ed a s  exp la ined i n  s ec t io � 5 . 5  
and t he r esu l t s  are shown in table 5 . 8 .  Ac tua l  p la s t ic hinge s  are 
s ho wn  in f igures 6 . 11 and 6 . 12 .  
1 53 
F igur e 6 . 11 F ir s t  p la s t ic hinge at middle suppo r t  
F igur e 6 . 12 S econd p la s t ic hing e at po s it ive sec t ion 
1 5 4  
A mul t ip l e  r egr e s s ion analysis was d one on t he ef fec t o f  
s t eel f ib e r s  and ma in s teel p ercen tage o n  the l eng th o f  t he plast ic 
hing e .  S ta t is t ical analy s is shows tha t  (H1) , t he p la s t ic hing e  de­
pend s on bo th ( p )  and ( p ) ,  p ercent of ma in s t eel and p er c ent o f  s 
s teel f ib er s . As ment ioned in sec t ion 1 . 5  the lengt h  o f  the plast ic 
hinge i s  r elat ed to t he eff ec t ive d ep th o f  t he s ec t ion , t he mo s t  com-
mon a s sump t ion is HL = d .  In this research i t  wa s f ound tha t , t he 
leng t h  of the p las t ic hing e can be wr i t t en a s  � = a . d  wher e 
a = f (  P ,  P s ) .  D if f erent s ta t is t ical model s were t es t ed ,  one , two o r  
thr ee var iab les and t he best  was dec ided to b e  a one var iable quad­
r a t ic model wit h ( F  = 9 )  becau se R2 for two o r  t hr e e  var iable model 
is no t s ign if ican t ly higher t han t hat o f  one var iab l e  ( Table D . 5 ) , 
ther ef or e :  
wher e 
a. = 1 . 06 + 0 . 13 s 
p % o f  main s t eel ( p < p < p ) min - - max 
p = % s teel f ib er s  between 0 . 0  and 1 . 2  percen t  
From t he preced ing , t he pla s t ic hinge leng th can b e  p r ed ic t ed by 
u s ing equat ion 6 . 5 .  
( 6 . 5 ) 
. Tab le 6 . 9  c ompar e s  t he ac tual and es t imat ed values u s ing 
equa t ion 6 . 5  
6 . 5 . 2 Curvatur e D i s t r ibu t ion Fac tor 
e 
The ac tual r esu l t s  of B = _££ t he curvature d is t r ibut on f ac-
8 pHL 
tor are pr e s ented in tab le 5 . 10 .  A mul t iple r egres s io� analys is wa s 
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Tab le 6 . 9  
Ac tual and Calcula t ed P last ic H inge Length 
% ma in % s t eel Ac tual Pla s t ic Calculat ed % dev ia t ion 
S t eel f ib ers h ing e ( in) P la s t ic H ing e f r om ac tual 
value 
0 . 0  8 . 0  7 . 0 -12 
0 . 6 7 0 . 8  6 . 5  7 . 4 +14 
1 . 2  7 . 5 7 . 6  + 1  
0 . 0  7 . 0 6 . 9  - 1  
1 . 2 1 0 . 8  8 . 0  7 . 7 - 4  
0 . 0  6 . 5  6 . 8  + 4  
1 . 89 0 . 8  8 . 0  8 . 0  0 
1 . 2  9 . 0 8 . 7  - 3 
perf ormed f or the data ob ta ined and the best  f it t ing model f o r  the 
d�ta wa s a s tra ight l ine relat ionship between ( B) and ( p s) the per-
cent of s teel f ibers f igure 6 . 13 .  The ef f ect  of ma in s teel  was 
neg leg ib le and also no interact ion be tween ( p ) and ( p s) wa s present . 
An inter cep t of ( 0 . 5 6 ) and a s lop e of ( -0 . 1 6) with ( F  = 6 5 )  and a 
corr elation coeff ic i ent of 0 . 05 6  was obtained (Tab l e  D . 6 ) . Equat ion 
6 . 6  can be used to p r ed ic t  the curva tur e  d is t r ibut ion f a c t or . 
s = 0 . 5 6 - 0 . 1 6 p s 
where p s = % steel f iber ( 0  � p s � 1 . 2 ) 
( 6 .  6 )  
0 .  6 0 01
· 





















N 0 . 4 0 0  
F 
A 




O . J S O  
0 . 3 2 5  
0 .  3 0.0 
() . 0  0 . 2  
.. u 1  v , .J r �  ' � �t r: b l�ti on factor v s .  
s·t 1 : ' ibers 
.A ·:= \1 . 5 6 -0 . 1 6{Js 
Cr.. r rt" }o l  :l ·- IJ2ff l c i ent= 0 . 9 5 6 
* 
* 
0 . 4  Q . 6  
% S T E E L  F l B E R S  
l) . 8  
F ig u re 6 . 1 3 f3 v s .  S t ee l  Fi b e rs 
1 5 6  
* 
* 
1 • 0 i . 2 
1 5 7  
From equat ion 6 . 6  a ( S ) value of 0 . 5 6 is sugg e s t ed f o r  
pla in concr e t e  and as steel f ib ers a r e  added to t he m ix ' S ' is r e-
duced . Table 6 . 10 compares the ac tual and calcula t ed curvatur e d is-
tr ibu t ion f ac tors  u s ing equa t ion 6 . 6 .  
Table 6 . 10 
Ac tual and Calcu la t ed ' S ' Us ing Equat ion 6 . 6  
% ma in % s t eel Ac tual Ca lcula ted s % dev iat ion 
S teel F iber s ' s ' by equat ion 6 . 6  f r om a c tual 
value 
0 . 0  0 . 5 9 0 . 5 6 - 5 
0 . 67 0 . 8  0 . 44 0 . 43 - 2 
1 . 2  0 . 3 2 0 . 37 + 4 
0 . 0  0 . 54 0 . 5 6 + 3 
1 .  2 1  0 . 8  0 . 45 0 . 43 - 4 
1 . 2  0 . 3 7 
0 . 0  0 . 53 0 . 5 6 + 5 
1 . 8 9 0 . 8  0 . 4 4 0 . 4 3 - 2 
1 . 2  0 . 3 7 0 . 3 7 () 
\.fhen steel f ib ers wer e used , the curva tur e  d is tr ibut ion 
factor decrea s ed esp ec ially f or 1 . 2% steel f ib er s , ' B ' was approxi­
ma tely cu t in ha lf . Chan
( lS ) also reported a 34% redu c t ion in ' 8 ' 
when secondary re inforcemen t was u sed in concret e . He a l so con-
e lud ed that long itud ina l s teel ra t ios have only a smal l  inf lu ence 
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on ( S ) , this wa s al so concluded in this r es earch . Kau shik and 
Ramamur thy and Kukr ej a (
Z ] ) recommended a ( S)  o f  0 . 5 f o r  pla in con­
cret e . Cohn and P e t cu
( l] ) conc luded t ha t  ( S ) ranges b etween 0 . 34 
and 0 . 9 7 and a value o f  0 . 5  to 0 . 6  seems to b e  sat isfa ctory . 
The d is t r ibu t ion of the cracks a t  the negat ive moment r eg ion 
is shown in f igure ( 6 . 14a) . The actua l  and idea l iz ed curvature d is-
tr ibut ion a long t he member s ar e shown in f igure ( 6 . 14 b ) , where t he 
dashed ar ea r epresen t s  the t?ta l p la s t ic rota t ion over the suppo r t . 
The reduc t ion of  curvature d is tr ibut ion f ac tor o f  f ibrous  
conc r e t e  does no t imply t ha t  the rota t ion capac ity of  f ibrous con-
crete is lower than pla in concrete . If  two f ibrou s and p la in r e in-
f orced c oncret e b eams with id ent ical g eometry and main bar s have the 
same plas t ic curva tur e  at failure , then the u s e  of s teel f ib er s  would 
be of a d isadvantag e becau s e  of the reduct ion of S . I t  is appar en t  
f r om t h is research that the p la s t ic curvature o f  f ibrou s concrete is 
sub s tan t ia l ly h igher than that of p la in concr et e ;  t her efor e ,  the 
ef f ec t  o f  the redu c t ion of curvature d i s tr ibu t ion factor on the 
p la st ic ro tat ion capac ity of f ibrous concret e is m in ima l . Tab le 6 . 11 
shows t he actual ro tat ions af ter curvature d is tr ibut ion factor ha s 
been app l i ed . F igure 6 . 15 shows the d istr ibut ion o f  the curva ture 
a long t he p la s t ic h ing es . The curvatur e d is tr ibu t ion o f  each b eam 
is plo t t ed accord ing to the resul t s  in tab le 5 . 10 .  S r epr esen t s  
the rat io o f  t h e  area under eac h curve to t h e  area o f  t he rectang l e  
where Z d is tance f r om po int of contra f lexure t o  t he m iddl e  
suppo r t . 
a )  crack d istr ibut ion 
p la st ic ro tat ion 
ac tual Idea l i s ed 
b) D i str ibu t ion o f  curvature 




2 4 0  
2 00 
1 6 0  
1 2 0  12 0 
I 
cj>p X 1 0
-4 rad ians I ' 
\ cj>p ' 
\ 
8 0  8 0  
\ 
\ 
4 0  4 0  
4 . 5  3 ·. 5 2 . 5  1 . 5 0 . 5  0 0 . 5  1 . 5  2 . 5 3 . 5  4 . 5  
1.. 
'f:iT / 2  
.. t·  HL
/ 2  
� .u 
( 2 11 3 )  0 . 67%  ma in s t eel 
( 2 114 )  1 . 2 1% ma in s teel - ·  - --
( 2 115) 1 . 8 9% ma in s t eel - - - - - - - - - - - - -
Not e :  The number s labeled on curve are the p er c en tage o f  s t ee l  f iber s 
F igure 6 . 15 Ac tua l  curva tur e  d is tr ibu t ion a long the p la s t ic hinge 
Tab le 6 . 11 
Eff ect  of Curvature Distr ibu t ion Fac tor on P last ic Rota t i9n Capac itv o f  F ibrous Re inforced Concrete 
% ma in 
steel 
p 
0 . 6 7 
1 . 2 1 
1 . 89 
f % S teel 
kY . Fiber s S l  
p s 
0 . 0  
66  0 . 8  
1 . 2  
0 . 0  
7 2  0 . 8  
0 . 0  
52 0 . 8  
















f rom f_.lo 
us ing 
table 5 . 9 \ 
equat ion 
x lo-4 6 . 6  
rad ians 
298  0 . 56 
12 7 7  0 . 43 
1924  0 . 3 7 
145 0 . 5 6 
781  0 . 43 
2 3 8  0 . 56 
8 76  0 . 43  
149 5  0 . 37 
Actua l 
rotat ion 
8 = B .  <P • H1 p p 
x lo-4 
rad ian s 













rad ians  













-4 . 5  
-1 . 8  
+1 . 5  
+4 . 0  
-4 . 5  
+4 . 7  
-2 . 3  
-0 . 2  
% increase of  
p la st ic 
r o ta t ion f rom 
0% 
s teel f ibers 
+2 30  
+3 2 6  
+3 10 






I t  is conclud ed f rom f igur e 6 . 15 that the curvatur e d is tr ibu-
t ion f or a p la in concrete pla s t ic hinge is c lo s e  t o  a f ir s t  degree 
curve , and the p la s t ic hinges with 0 . 8% steel f ib er s  have a s econd 
degree parabola curva ture d istr ibu t ion , and the p la s t ic hing e s  tha t  
cons is t o f  1 . 2% s t ee l  f ib er s  have a third o r  higher degree curve 
r epr esent ing the curvature d istr ibut ion . 
6 . 5 . 3  P la s t ic Ro ta t ion Capac ity 
As exp la ined in Chap ter I the calculat ion of p la s t ic r o ta-
t ion o f  r e info rced concr ete is a very tedious proc es s . There are 
many factors invo lved which cou ld change the outcome o f  t he cal-
culat ions tr emendou s ly .  Ther ef ore the neces sary a s sumpt ions have 
to be mad e with extreme caut ion . 
The f o l lowing can be s tated as a g eneral idea on p la s t ic 
rotat ion of  r e inforced concr et e . 
e 
p 
This exper imental research proj ec t was done t o  sug g e s t  a 
formula so t he rota t ion capac ity o f  reinforced concr e t e  and es-
pecia lly f ibrous concrete  could be calcu la t ed . 
A s tat is t ical ana ly s is was done on the rat io o f  ac tual ro -
tat ions ( ba s ed on s tra ins) to the calcula t ed rotat ion s, wit h p ercent-
ag e of s teel f ib ers , p ercentag e of ma in steel and y ield streng th 
of  stee l bar s . A t hree var iable model with F = 7 8  and a corr ela t ion 
coef f ic ient o f  0 . 9 9 wa s f ound ( Tab le D . 7 ) . Equat ion 6 . 7  can b e  used 
to es t ima t e  t he p la s t ic rotat ion of  f ibrou s  concr e t e . 
where y 4 . 3  + 2 . 2 4 P s - 0 . 043  f y + 4 . 17 P P s 
s = 0 . 5 6 - 0 . 16 P s 
0 . 0 0 3 5  f e = Y.. 
pl K E s ( l -Ku
) u 




0 . 0 0 3 5  y .  IJ K 
u 
wher e : f = y ie l d  s tr eng th o f  s teel (Ks i) y 
E modulu s  of e las t ic ity of s t eel ( Ks i) s 
( 6 . 7 ) 
( 2 . 6 )  
( 6 . 8) 
K = r at io o f  the depth o f  neutral ax is to  the e f f e c t ive u 
d e p t h . 
Equa t io n  ( 6 . 8) is an emp ir ica l  equat io n  b a s ed on a c tual 
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tes t ing . I t  i s  o f  ev id enc e tha t  t he p la s t ic r o t a t io n  e s t imat io n  o f  
f ibrou s r e inf o rc ed concre t e  i s  d ependent upon t he p er c entage o f  
s t e e l  f ib er s ,  p ercen ta g e  ma in s t e e l  and the y ield s t r eng t h  o f  the 
main bar wher e an incr ea se in y ield s tr ength of s teel , r educes t he 
p la st ic ro t a t ion s . 
Equat ion ( 6 . 8) inc ludes t he ef f e c t  o f  p l a s t i c .  hing e leng th 
chang e · on the r o ta t ion , therefore no adj u s tment is r e qu ir ed . 
Equat ion ( 6 . 8) can b e  s imp l if ied and r edu ced conservat iv ely 
to the f o llowing equat ion ( 6 . 9) 
0 . 00 3  e
p = y . S . K 
u 
( 6 . 9 ) 
where : K 
u 
A f ' s y 
0 . 7 2 f ' b c 
y 4 . 3  + 2 . 2 4 p s - 0 . 04 3  f + 4 . 1 7 p p  y s 
6 0 . 5 6 - 0 . 16 p s 
P s % s t ee l  f iber s  
p % main s t eel 
' ' 
The CEB-FIP ( Comite  Euro-Int ernat ional du Beton )  o f  1 9 7 8  
sugg ested 8 
p 
= 
0 . 004 
K u 
which seems to over-es t imat e  the ro t a t ion 
capac ity of r e inforced c oncrete . 
Table 6 . 12 s hows a compar i son between ac tual p las t ic ro-
tat ion from t es t ing and p la s t ic r o tat ion capac i ty calculat ed f rom 
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equat ions 6 . 8  and 6 . 9 .  The percent dev ia�ion o f  the resu lt s  obta ined 
f r om equat ions 6 . 8  and 6 . 9  are in t he la s t  co lumns of table 6 . 12 .  
The max imum and m in imum d eviat ions of equa t ions 6 . 8  and 6 . 9  are 
between 4 and 14 percent . The �esu l t s  of  the calcula t ed r o t a t ions 
u s ing equa t ion 6 . 8  are wi thin 15 percent of the ac tual values , and 
u sing equa t ion 6 . 9  g ives dev iat ion of less than 8 p er cent excep t 
when 2 #5 main bar s w it h  0 . 8  s teel f ib er s  were used . 
The p la s t ic rotat ion capac ity of f ibrou s c oncr e t e  wa s be tween 
2 00 and 3 2 0  p ercen t , higher t han plain concret e whic h shows t he · super -
ior i ty of  f ibrou s concrete over p la in concret e in p la s t ic d ef orma t ion . 
6 . 5 . 4  Duc t il ity I ndex 
The rat io of  u l t ima t e  to y ield curvature is called the 
¢ 
duc t il it y  ind ex ( �  = 
¢
u) .  This is ano ther method to eva luat e the 
y 
du c t il ity of  a ma terial in f l exure .  
� 
Table  6 . 1 2 
Compar ison of Ac tual and Calculat ed P la st ic Rot a t ion Capac it ies  Us ing Equa t ions 6 . 8  and 6 . 9  
Ac tual P la s t ic % Dev ia t ion Pla s t ic % Dev ia tion % Dev ia t ion 
% main % S teel P la s t ic Rotat ion f rom Rota t ion f r om B etween 
S teel F iber s  Ro tat ion Capacity Ac tual Capac ity  Ac tua l Equat ion 
p p Capac i ty Us ing 8 U s ing 8 6 . 8  s 
f rom Equat ion 
pc 
Equat ion p c  and 
Tes t  in� 6 . 8 _4 6 . 9  6 . 9  X 10- X 10 x lo-4 
rad ians rad ians r ad ians 
0 . 0  1 7 6  189 + 7 1 8 1  + 3 - 4 
0 . 6 7 0 . 8  5 5 9  5 8 0  + 4 5 5 0  - 2 - 5 
1 . 2  616 6 9 3  +12 6 5 7  + 6 - 5 
0 . 0  7 8  7 1  - 9 8 1  + 4 +14 
1 . 2 1 0 . 8  3 5 2  3 3 9  - 3 3 7 5  + 6 +10 
0 . 0  1 2 7  1 0 7  -1 5  116 - 8 + 8 
1 . 8 9 0 . 8  3 8 5  4 3 0  +11 4 6 1  +19 + 7 





( lg ) 
r ec ommended t ha t  a duc t il ity index o f  a t  lea s t  5 
is r equ ir ed f o r  p la s t ic ana lys i s . The duc t il it y  index f or this 
exper iment is s hown in table 6 . 13 .  
Tab l e  6 . 13 
Duc t il ity Index 
% S teel <Py 
B eam F ibers X 10-4 rad 
0 . 0  1 0 . 60 
2 /13 0 . 8  6 . 6 7 
1 . 2  7 . 30 
0 . 0  10 . 60 
2 114 0 . 8  10 . 50 
0 . 0  6 . 7 6 
2 11 5  0 . 8  11 . 5 0  
1 . 2  8 . 35 
X 
<Pu 
- 4  1 0  r ad 
4 8 . 0  
2 03 . 0  
2 64 . 3  
3 1 . 2  
108 . 0  
4 3 . 0  
1 2 1 . 0  





4 . 5 
3 1 . 0  
3 6 . 0  
3 . 0  
10 . 3  
6 . 4 
10 . 5  
2 0 . 8  
Tabl e  6 . 13 shows tha t  when s teel f ibers are u s ed the duc t il ity index 
inc r eases  s ign if icantly , e spec ia l ly when 0 . 8  to 1 . 2  p er c en t  of s teel 
f iber s  were u sed . 
There f o r e  t h e  inclus ion of  s t ee l  f ib er s  added t o  t he duc t il ity . 
On averag e ,  when 0 . 8% s t ee l  f ib er s  were u s ed ,  t he duc t i l it y  index 
incr ea sed b y  a f ac tor of abou t 4 from t ha t  of p la in c onc r e t e  and 
when 1 . 2  p er c ent s t ee l  f ib er s  were u s ed , it incr ea sed by a f a c tor o f  
5 . 
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A s imp le r egress ion ana lys is u s ing the rat io s of the du c t -
' 
ility index o f  f ibrous t o  pla in concr ete (� ) and p er cent steel 
l.l 
f ib ers , r e sul t s  int o  the f o llowing equat ion to es t ima t e  t he duc t -
il ity o f  f ibrous concrete ( Tab le D . 8) . 
\.1 ' ( 6 . 10 )  
where : \.1 the rat io of ultima te to yield curva ture f o r  p la in 
concrete 
P s % 
�t eel f ibers 
ll '  duc t il ity o f  f ibrous concrete 
F ig ur e  6 . 16 ,  6 . 17 ,  6 . 18 show the rota t ion of p la in  and 
f ibrous concret e .  
6 .  6 D ef le c t  ion s 
The d ef l ec t ion calculat ion s and actual mea sur emen t s  a t  s er-
v ic e  load are shown in tab le 5 . 12 .  The dev iat ion o f  ac tual measur e-
ments  f r om the calculated d ef lect ion had a maximum value of 14 p er-
cent and a min imum o f  1 . 5  p ercent . 
The ef f ec t  of  steel f ibers on def lect ion s  has b een t e s t ed 
in prev ious r e s earch works ( 34 , 4 7 ) . These researcher s c oncluded that 
in s imply suppor t ed b eams , becau s e  of the increas e  in ( Ie) t he s t if f -
nes s  increased s o  the d ef lec t ions decreased , when s t ee l  f ib er s  were 
u sed . In this r e s earch it is conclud ed from tab le 5 . 12 tha t  t he 
eff ect of s t eel f ib er s  on deflec t ions in cont inuous r e inf orced con-
cre t e  beams wit h an f ' of 4000 to 5000 psi is The maximum 




·� ... • 
F igure 6 . 16 Ro tat ion o f  p la in concrete ( O% f ib er s )  
F igure 6 . 1 7 Ro ta t ion of f ibrou s concrete ( 2 11 5 , 1 . 2% f ib er s) 
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F igure 6 . 18 Ro tat ion of f ibrous concret e  ( 2 #3 , 1 . 2% f ib er s ) 
1 7 0  
5 1  Ks i and 0 . 8  p er c ent o f  s t eel f iber s  were u s ed .  The maximum in-
c r ea se of d ef lec t ion wa s 8 p er c ent when 2 #3 bar s with y i e ld s tr eng th 
o f  6 6 . 8  Ks i and 0 . 8% o f  s teel f ib er s  were u s ed . 
The add it ion o f  s t eel f ib er s , c r ea te s  a doub l e  ef f ec t  on the 
s t if fne s s  ( Ei e) of concr e t e ,  therefore it af f ec t s  t he d ef lect ion s . 
1 )  The incr ea s e  o f  ef f ec t iv e  moment of  inert ia due to the 
incr ea s e  o f  modulus of rup ture and modular rat io (n) . 
2 )  The d ec r ea s e  of  modulus o f  ela s t ic ity o f  f ib r ou s  concrete 
due to chang e in bond charact er is t ic s  wit hin the matr ix .  
These r e sul t s  can b e  obta in ed f r om tabl e  5 . 12 . The ana lys i s  of the 
r e su lt s  o f  ( I  ) and ( E  ) and their ef f ec t  on t he s t if fness of f ib -e ca 
rou s  c oncr e t e  are shown in tab l e  6 . 14 . I f  the increa s e  o f  ( I  ) is e 
mor e  s ignif ican t  t han t he d ecr ea s e  o f  E , t he d ef lec t ions will b e  c 
less  at  serv ic e load f o r  f ibrous concr e te . Bu t when the d ec r ea se of  
( E  ) has more s ignif ican t  af f ec t  on t he s t if fn e s s  than the incr ease c 
of ( I  ) , then the def l ec t ions a t  serv ice load will b e  h ig her f or e 
f ibrous c oncre t e  b eams . Therefore the s t if fnes s o f  f ib rou s concr ete ��d �ec r ea s e  o r  increas e  depend ing on t he proper t ie s  and b ehav ior 
o f  f ibrous concre t e  und er b end ing . 
)' moment . An impor tan t  i s sue regard ing the calcu la t ion of the eff e c t iv e� o f  iner t ia ( I e) is , whether to u s e  only t he cracked momen t 
o f  iner t ia o f  the s ec t ion , or a s sume that par t s  of the b eam ar e un-\ cracked and l o f  ( I  ) . e 
includ e the g r o s s  moment o f  iner t ia in t h e  ca lculat ions 
( I 
} I 
Ta b l e  6 . 14 
E f f e c t  of Mod u lu s  of Ela s t ic ity and Ef f ec t iv e  Moment of Ine r t ia of F ibrous Conc r e t e  on I t s  S t i f f ne s s  
( 1) 
% Ma in 
S t eel 
0 . 6 7 
( 2 H 3 )  
1 .  2 1  
( 2 1/4 )  
1 . 89 
( 2 1/ 5 )  
( 2 )  ( 3 )  ( 4 )  
% S t eel M I term* cr g F ibers M ·� a ,., 
0 . 0  0 . 4 1  15 . 34 
0 . 8  0 . 54 33 . 9 2 
1 . 2  0 . 6 1 48 . 0  
0 . 0  0 . 2 6 3 . 6 1  
0 . 8  0 . 34 8 . 02 
1 . 2  0 . 38 1 1 . 2 6 
0 . 0  0 . 2 4 3 . 04 
0 . 8  0 . 3 2 6 . 7 6 
1 . 2  0 . 3 5 9 . 5 1 
M M 
( 5) 
% of To t a l  
I e 
-
2 5 . 9  
. 4 4 . 5  
5 2 . 0  
4 . 7  
9 . 7  
12 . 0  
3 . 1 
6 . 4  
8 . 0  
* I = (___££) 3 I + [ 1  - (___££) 3 ] I e Ma g M8 cr 
_, 
I g t e rm I t erm cr 
( 6) 
I c r  term
* 
43 . 95 
4 2 . 3 9 
44 . 36 
7 2 . 9 5 
74 . 97 
82 . 8 7 
9 5 . 8 1 
99 . 2 5  
108 . 9 2 
( 7 )  
% o f  To t a l  
- I e 
74 . 1  
5 5 . 5  
4 8 . 0 
9 5 . 3  
90 . 3  
88 . 0  
96 . 9  
9 3 . 6  
92 . 0  
( 8 )  
I e = 
( I  t e rm+! t erm) 
g �r 
in 
5 9 . 2 8 
7 6 . 3 1 
92 . 36 
7 6 . 5 6 
8 3 . 00 
9 4 . 1 3 
98 . 8 5 
106 . 00 
118 . 4 3 
( 9 )  ( 10)  ( 1 1)  
* *  Ec * *  
x 106 p s i  Rat io ( 1 )  Ra t io ( 2 )  
f o r  ( l e ) for ( Ec ) 
1 . 00 3 . 9 7 1 . 00 
1 . 2 8  3 . 6 7 0 . 9 2 
1 . 5 6 3 . 02 0 .  7 6  
1 . 00 3 . 9 7  1 . 00 
1 . 08 3 . 67 0 . 9 2 
1 . 2 3  3 . 02 0 .  7 6  
1 . 00 3 . 9 7 1 . 00 
1 . 0 7  3 . 67 0 . 9 2  
1 . 2 0 3 . 02 0 . 7 6 
** Ra t io ( l ) = E f f ec t ive moment of ine r t ia of f ibrous conc r e t e  E f f ec t iv e  moment o f  iner t ia o f  p l a in conc r e t e  
Ra t io ( 2) = 
Mod u l u s  o f  e la s t ic ity o f  f ibrous conc r et e  
Modu l u s  o f  e las t ic i ty o f  p l a in conc r e t e  
( 1 2 )  
Ra t i o ( l ) x 
Ra t io ( 2 )  
( E l e ) 
1 . 00 
1 . 1 7 
1 . 18 
1 . 00 
0 . 9 9 
0 . 94 
1 . 00 
0 . 9 8 





From c o lumns ( 5) and ( 7 ) of  tab le 6 . 14 ,  it is appar ent t hat 
a s  the p ercentage o f  steel f iber s  in the mix incr eases , the contr i-
but ion o f  ( Ig ) (gro s s  moment of iner t ia) to ( I e) ( ef f ec t ive moment 
of iner t ia) increases and ther efore , the contr ibut ion of ( I  ) cr 
( cracked moment of inert ia) to (I ) decreases . e This ind ica t es tha t  -·----....._ __ -
the inc lu s ion o f  f ib ers increases the leng th o f  t he uncracked reg ion 
I 
and reduces  the crac ked por t ion of the beam , wh ich mean s in f ibrous 
concr ete the gro ss  moment of iner t ia is  more impo rtant t han in plain 
concrete . / h i s  was true in all cases where d if f er ent ma in s teel 
\ 
p erc en tag e wa s used . 
Al so from table 6 . 14 ,  when low steel percen tag e ( l es s  than 
1% ) was u s ed the ef f ec t  of ( I ) was b etween
. 
26 and 52 p er cent . f or g 
z ero and 1 . 2% s t eel f iber s . As the main steel percentage ( p ) in­
M 
creased the rat io of (M
er) decr eased . Co lumn ( 3) o f  table 6 . 14 shows 
M a cr the d ecrease o f  (�) which reduces the ef f ec t  of  ( Ig ) on ( I e) to 
a 
less  than 12 per cent . 
From the pr eced ing par ag rap h it can be c onclud ed that when 
M 
(�) is less than 0 . 40 or h igh steel p er c entage is u sed the rat io o f  
Ma 
( > 1% ) , ( I  ) g will b e  much les s  s ignif icant . When low s teel p ercentage 
M cr is u sed. the ra t io r:r-
a 
a long the memb er . 
is h igher , which results  in less  cracked reg ions 
The incr eas e of the ef f ec t ive moment of iner t ia of f ibrous 
co ncr et e is  ma inly cau sed by : a)  the incr ease in modulu s of  rup ture 
whic h increases the cracking moment and b) the incr ea s e  of  modu lar 
rat io (n) whic h increa ses the cracking moment of inert ia ( I  ) . · cr 
r ,  
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Theref ore a modif icat ion o f  the ACI Code ' s equat ion f or calculat ion 
of the ef f ec t ive momen t of iner t ia is requ ired when f ibrou s concr e te 




I [ (�) 3 ] ( e M g + 1 - M Icr p la in concr ete)  a a 
1) Mod if ica t ion of ( M  ) :  
cr 
As men t ioned in sec t ion 6 . 4 ,  f ibrou s  concre t e  has two modulus 
o f  rup ture s . 
1 - F ir s t  modu lus of rup tur e 
2 - U l t ima te modulu s of ru pture 
f = k2 c 7 • slf') = < 1 + o .  sa P ) 7 s If' ru c s • c 
( 6 . 3 ) 
( 6 . 4 ) 
The crac king momen t ca lculat ion is ba sed on the f ir s t  modulus o f  
rupture becau se in p la in concr et e ,  f ir s t  and ult ima t e  modulus rup -
tures ar e t h e  same . 
In f ibrous concre te , the f irst  cracking moment and u l t imat e  
cracking momen t s  ar e d if f erent , therefore,  e ither valu es could b e  u sed 
which could cau s e  over or under e s t imat ion of def lec t ions and theref or e , 




f r Ig 
y t 
k . M  ( P > 0 )  cr s 
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where : M 
cr cracking moment of p la in concrete 
M ' cr 
k 
crac king moment of  f ibrous concrete 
( 1  + 0 . 5  P ) the f actor that es t imates  M ' f or s cr 
f ibrou s concr ete 
( k) is the equat ion of  the bes t fit l ine , u s ing regress ion 
fr ,  
analys i s  throug h -f--
and per centag e  o f  s teel f ibers  ( table 
r 
D .  9 )  
where : f ' 
r 
for each case . 
modulu s of rupture for pla in concrete ( 7 . S ir-') c 
Ther ef or e :  
2 )  Mod if icat ion of  ( I  ) :  cr 
k M cr 
( 6 . 11 )  
The cracking moment o f  in er t ia increases as  the percentage o f  
steel f ib er inc r ease . This i s  du e t o  the increase in t he modu-
lar ra t io ( n ) . 
I cr  








The decrease in the modulus of elast ic ity o f  concr e t e  when steel 
f ibers ar e used , cau ses an increa s e  o f  (n) which incr ea ses the 
cracking moment of iner t ia .  
I ' = A. I cr cr 
( 6 . 12 )  
1 7 5  
where A = ( 1  + 0 . 14 P s) from regression anal ys i s , whic h is t he 
I ' cr bes t f it l ine through the data of versus p ercent of s teel 
I cr 
f ibers ( Table D . lO ) . 
From the preced ing d iscu s s ion , the ef fec t ive moment o f  iner t ia o f  
f ibrou s  concrete can be calculated as follows : 
I ' e ( 6 . 13 )  
where : I ' e ef f ec t ive moment of  inert ia of  f ibrou s concr e t e  
Mer = cracking moment o f  f ibrous concr ete 





M = Cracking moment of p a in concr ete 
cr Yt 





+ n A (d  - Kd)
2 
3 s 
Table 6 . 15 shows a compar ison b etween ac tual and t he cal cu lat ed 
ef f ec t ive moment of  iner t ia and def lect ion us ing equa t ion 6 . 13 . The 
actual ' I ' was calcu la t ed us ing ac tua l  def lec t ions f r om test ing and e 
the measured modulu s of  e last ic ity . 
I e
ac tua l  
PL3 
where : 
p 0 . 6  p u 
L span l eng th 
E actual modulu s of elas t ic ity ( p s i) from test ing c 
E I ' 




i s  
c e 
17 6 
calcu lat ed whic h represen t s  the chang e in s t if fn e s s  o f  concrete when 
s teel f ibers are used . When low s teel p ercen tage was u sed ( < .  1% ) 
the increa se in s t iffness was about 18% ,  wher e in higher s t eel per -
centag e it rema ined unchang ed or even reduced in mo s t  cases . Therefore 
when low s teel p ercentag e is used the def lec t ion c ould improve by 
us ing s t ee l  f ib er s . 
The maximum def lec t ions a t  f a ilur e f or p la in concrete ranged 
f rom 0 . 4  t o  abou t 1 . 0  inch ,  where the maximum d ef l ec t ion a t  f a ilure 
f or f ibrous concr ete rang ed from 2 to 5 inc hes . F igur e  6 . 1 9 show 
t he d ef lec t ion of f ibrous concrete a t  f a ilur e • . \The high d eflec t ions 
a t  f a ilure of  f ibrous concrete is ano ther ind icat ion o f  the duc t -
il i�y� and 
ha s .� s tra in ener gy ab sorp t ion capac ity tha t  f ibrous c oncrete  
17 7 
F igure 6 . 1 9 Def lect ion of  F ibrou s Conc r e t e  a t  Fa ilur e 
% Ma in % Steel 
Steel Fibers 
0 . 0  
0 . 67 0 . 8 
1 . 2  
0 . 0  
1 . 2 1 0 . 8  
1 . 2  
0 . 0  
1 . 89 0 . 8  
1 . 2  
Tab le 6 . 15 
Compar ison of Ac tua l and Ca lcu lated Effec t ive Homen t of 
Iner t ia and Def lec t ion Us ing Eguat ion 6 . 13 
Ac tua l I Calcu lat ed I ' 
. 4 
e e 
�n u s ing 
Equat ion 6 . 13 
69 60 . 0  
7 7  84 . 0  
9 6  102 . 0  
8 7  7 6 . 5  
93 92 . 4  
- 9 5 . 4  
89  9 8 . 0  
107 112 . 0  
12 1 lpY.{l 
Ac tua l Def lec t ion 
-3 xlO in 




7 2  
-
7 3  
66  
7 1  
Calculated 
Def lec t ion 
Us ing I ' e 
63  








% Dev iat ion 
from actua l 












1 7 9  
6 . 7  Load Carrying Capac ity 
6 . 7 . 1  Ul t imat e  Load Capac ity 
Tab le 5 . 13 shows the results of t he ac tual and calculated 
y ield and ul t ima t e  load capac ity o f  t he beams . In all cases the 
ac tua l ul t ima t e and y ield load s were higher than expec t ed . The 
r eason f or this increase is that in the u l t ima t e  moment capac ity cal­
cu lat ions t he eff ec t  of  s teel f ib ers were not included for f ibrou s 
concr ete . In the case o f  pla in concr ete , t he calculat ed and ac tual 
yield load s had a dev iat ion rang ing from +1 6 to +2 4 p er c ent ( c olumn 
10 in tab le 5 . 13 )  whic h is  exp ec ted in ac tual t es t ing . For ul t imate 
load t he d ev ia t ions rang ed from +2 to +1 7 perc ent . 
The load red istr ibu t ion factors  " r "  and " r ' " ( exp er imental)  
ar e shown in tabl e  5 . 13 c olumns 7 and 8 .  The exp er iffiental d is ­
tr ibu t ion fac tor " r "' ranged f rom 1 . 3 3 to 1 . 02 .  The h ighe s t  values 
were o b ta ined when t he least percentag e of  main s t ee l  ( 0 . 6 7 % )  was 
used . Tabl e  6 . 1 6 showH a summary of  the load r ed is t r ibu t ion f ac t o r 
" r ' " .  
I t  is obv ious from table 6 . 16 that the smaller the 
s t eel p ercentag e ,  the higher " r ' "  is . This means lower s t eel per­
c entag es prov id e s  mo re r ed is tr ibut ion of  the forces ( 1 9  to 3 3 % ) . 
When ma in s t eel p ercentag es o f  about 1 . 2 % was u s ed , 11 t o  1 6% re­
d is tr ibu t ion \va s o b t a ined and when ' p ' of c lo se t o  2 p er c en t  wa s used , 
"r ' " r educ ed to les s t han 1 . 1  ( less  than 1 0  p er c ent red istr ibut ion) . 
18 0 
% Ma in S teel 
0 . 6 7 ( 2 113)  
1 . 2 1 ( 2 114 )  
1 . 8 9 ( 2 115 )  
Table 6 . 1 6 
Load Red istr ibut ion Fac tor 
% S teel F ibers 
0 . 0  
0 . 8  
1 . 2  
0 . 0  
0 . 8  
1 . 2  
0 . 0  
0 . 8  
1 . 2  
p 
r ' p 
1 . 33 
1 . 20 
1 . 1 9 
1 . 11 
1 . 16 
1 .  08 
1 . 05 
1 . 02 
From t he s e  resul ts it can be s tated tha t low s t eel p ercent-
age has resu l t s  clo ser to wha t is exp ec ted and i s  recommended for 
higher r ed is tr ibut ions . The ACI Code ( sec t ion 8 . 4 . 3 ) r equ ires 





sect ion , at wh ich moment is reduced , is so des igned tha t  o f or s ingly 
r e in f orced beam is no t greater than 0 . 5  ob . 
wher e : o , 
D 
87 000 
87 000 + f y 
18 1 
Ta ble 5 . 14 shows the incr ease in ul t imat e  moment capac i ty 
of the s ec t  ion when steel f ib ers wer e u s ed . When 0 .  6 7 p er c ent ma in 
steel was used , the increase of ult imate moment capac i ty wa s 11 to 
14 p ercent and when 1 . 2 1 p ercent main s te el exi s t ed an inc r ea s e  of 
5 . 6 p ercent wa s obta ined . The result wa s s imilar when 1 . 8 9 p erc ent 
ma in bar s were u s ed ,  an increa s e  of 5 to 6 p ercent oc curred . As 
it is seen from tab l e  5 . 14 the increase in ul t ima t e  moment capac ity 
wit h s t eel f ib er s  is v ery ins ignif icant and it is no t a good method 
f or moment capac ity incr eas e .  But if s t eel f ib e r s  wer e to  be u sed 
f or moment capac ity incr ea s e ,  the best r esu l t s  o r  the mo s t  ef f e c t iv e-
ness o f  s teel  f ibers can b e  obta ined when p ercent ma in r e inforcement 
is less than 1% . Thi s  can b e  summar ized in table 6 . 17 .  
% Ma in S t eel 
p < 1% 
1% < p < 2% 
p > 2% 
Tab le 6 . 17 
Ult imate Moment Capac ity Increa se 
U s ing S t eel Fib er s  
Approximate % inc r ease 
in moment capacity 
12 
5 . 5 
< 5 
6 . 7 . 2  S tra ins in Ma in S t eel and Concr ete 
r emarks 
ef f ec t ive 
ins ignif icant 
in s ignif icant 
As exp la ined in s ec t ion ( 5 . 7 . 2 ) when steel f ibers wer e u s ed , 
the stra ins a t  s ervic e load wer e less than that o f  pla in concr e t e . 
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Table 5 . 15 shows t he actual result s from test ing a t  serv ic e load . 
From t hese resu l t s  it  can be no t ic ed tha t : 
1 )  At the negative momen t sec t ion : 
2 )  
a )  B eams re inforced with 21/3  had s t r a ins of 1 500 , 1100 , 
1 2 4 0  X 10-6 in/ in for 0 . 0 ,  0 . 8 ,  1 . 2  p ercent s teel 
f ibers , the reduct ion in strains was 2 6  and 17 
percent respec t ively . 
b )  Beams reinf orced with 2 #4 had s train s  o f  1 82 0 ,  
15 6 0  X 10-6 in/ in for 0 . 0  and 0 . 8  p er c ent f iber , 
the percen t  reduc t ion wa s 14 p ercen t . 
c )  Beams reinforced with 2115  had s tr a in s  o f  1 3 00 , 1 00 0 , 
1030 X 1 0-6 in/ in for 0 . 0 , 0 . 8 ,  1 . 2  p ercent steel 
f ib ers , the reduc t ion was 23 and 2 1  percen t . 
At pos i t ive sec t ion 
a) Beams r e inforced with 21/3  had s tr a in s  of 1 3 00 ,  
110 0 ,  1 6 12 x 10-6 in/ in for 0 . 0 ,  0 . 8  and 1 . 2  p ercent 
f ib er wit h reduct ions of 15 and -24 p erc ent respec t ively . 
b )  B eams reinf orced with 2 #4 had s tr a ins o f  1 8 0 0  and 
1 3 5 5  x 10-6 in/ in for 0 . 0  and 0 . 8  p er c ent f ib ers , 
the .reduct ion in s train was 24  percen t  resp ec t iv ely . 
c )  B eams re inforced with 2 # 5  had s tr a ins o f  1 3 3 6 , 1 009 , 
102 5 x 1 0-6 in/ in for 0 . 0 , 0 . 8  and 1 . 2  p er c ent 
f ib er s , the reduc t ion in strains was 25 and 2 4  
p ercent respec t ively .  
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From the pr 2ced ing it  can be conc lud ed that t he b es t  com-
b ina t ion wher e the highest d ecrease of  s trains was achieved , was 
when 0 . 8  p ercent of  s teel f iber s was added t o  t he b eams re inf orc ed 
with 2 # 3  bar s . 
Concr e t e  s trains wer e also measur ed at serv ice and ----- -
ul t ima t e  load s . From tab le 5 . 16 it can be seen tha t  a t  a 
g iven stres s the s trains of  f ibrous cobcr et e  are s l ightly h ig her 
than pla in concrete . S imilar resu l t s  were obtained b ef or e  in t his 
r esearch when t es t ing cyl inder for determinat ion of  modulu s of 
ela s t ic i ty of concr et e ,  the s tr a ins of  f ibrous c oncrete wer e  h igher 
than s t r a ins in p la in conc r et e caus ing reduct ions in modulu s  o f  
elas t ic i ty . 
The concr ete s trains at ult imate load or f a ilure wer e  also 
measur ed and they ar e expla ined as follows : 
a) For beams reinforced with 2#3  
The maximum s tra ins in concrete compre s s ion zone var ied 
from -2 2 2 0  to -4 9 20 x 10-6 in/ in for 0 . 0  and 1 . 2  p er -
c en t  s teel f ib er s , with an incr ease o f  1 2 1  p er cent in 
u l t imat e  compres s ive s trains . 
b ) For b eams re inf orced with 2#4  
The maximum strains in concrete compr es s ion zone var ied 
from -2 03 3  to -5800 x 10-6 in/ in f or 0 . 0 t o  0 . 8  p erc ent 
s t eel f ib er s , with an increase of 185  perc ent in t he 
u l t imat e  compres s ive s trains . 
c )  For beams reinforced wit h 2 #5 
184 
The maximum stra ins in concr ete  compres s ion z one var ied 
f rom -2 7 7 5  to - 5 610 x 10-6 in/ in f or 0 . 0 t o  0 . 8  p er cent 
s teel f ib er s ,  with an inc rease of 102 percent in ul t i-
mat e  compr es s ive s tra in .  
S im ilar result s  wer e obta ined by prev ious r e s earcher s < 3 4 , 47 )  
that ult ima t e  s tr a ins o f  f ibrous concrete  ar e muc h  higher t han p la in 
concrete . Mu sa < 3 4 )  conc lud ed that f ibrous concr e t e  can have maximum 
s tra ins up t o  - 6 2 3 7  x 10-6 ( in/ in )  and for plain c oncr e t e  s tr ains of 
- 3 05 5  x 1 0- 6  in/ in was obtained . Swamy and Al-Taan <
4 7 )  c onclud ed 
s tra ins up to - 6 6 2 0  x lo- 6 ( in/ in)  f or f ibrous c on cr ete and - 5 7 8 0  
x 10- 6  ( in/ in) f or pla in concre te can d evelop . 
The ma in reason for higher s tra ins is t he ab il i t y  o f  f ibrou s 
concrete to a bsorb t he necessary s tra in energy f or pla s t ic def ormat ion . 
Th is resu l t s  in a v ery duc t ile fa ilure where sudden crush of  concrete 
can b e  avo ided by the use o f  steel f ib er s . F igur e ( 6 . 2 � and ( 6 . 2 1) 
show d if f er en t  modes o f  f ailur e for pla in and f ibrous c oncre t e . I t  
was seen in sec t ions ( 6 . 5  and 6 . 6) t hat s teel f ib er s  improv e  t he 
p la s t ic def ormat ion and increa se t he d ef lec t ions a t  f a ilure . Hig her 
d ef lec t ions w il l  o c cur without any sudden f a ilur e  b ec au se of the 
ab il ity of  f ibrous concrete  to ab sorb s train energy and take the 
neces sary. d ef o rma t ion for a duct ile f ailure . 
6 . 8  Cracks 
Ther e are two ma in crack c harac ter i s t ic s  to cons ider , maximum 
crack wid th and the spac ing of t he cracks . Tab les  5 . 17 and 5 . 18 
F igu r e  6 . 2 0 Fa i lur e o f  p la in c oncr e t e  
F igu r e  6 . 2 1 Fa ilu r e  o f  f ib r o u s  conc r e t e  
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s how the maximum crack w id th and crack s pac ing s a t  a s t r ess o f  about 
6 0  p ercent of t he y ie ld s treng th o f  t he ma in re in f o r c ement or the 
a s sumed serv ic e  load . 
6 . 8 . 1  Crack W id t h  
From t ab les 5 . 17 and 5 . 18 i t  can b e  s een t ha t f o r  a l l  beams 
( 2 # 3 , 2 #4 ,  2 #5 ) , the maximum crack wid th f o r  p lain concre te b eams 
was much higher than tha t of f ib rous concrete b e ams a t  s e rvice load 
wi th the s ame mai n  reinforcement . 
1)  At midd l e  suppo r t  
a ) When 2 113 b ar s  were u s ed , t he max imum c r acks wid ths 
ranged f r om 8 2  to 55 X 1 0-4 inch f o r  0 . 0  t o  1 . 2% 
s t ee l  f ibers with a maxiffium d ecr ease of 3 3  p er c en t . 
b ) When 2 #4 bars wer e u s ed , t he max imum crack widt hs 
rang ed f rom 1 0 5  to 8 0  X 1 0-4 ( in) f o r  0 . 0  and 0 . 8% 
s teel f ib er s  wit h a d ecrease in crack wid t h  o f  2 4  
percent . 
c ) When 2 #5 bars wer e u s ed ,  t he max imum cr ack wid t hs 
rang ed f rom 1 1 7  to 6 8  x 10- 4  ( in) f o r  0 . 0  t o  1 . 2% 
s t ee l  f ib er s  wit h a d ecrea s e  o f  42 p er c en t  in t he 
maximum crack wid th .  
2 )  At mid span 
a ) When 2 # 3  bar s  wer e  u sed , the maximum crack wid th s  
- 4  
r ang ed f r om 8 7  t o  4 9  x 1 0  ( inc h) f o r  0 . 0  to 1 . 2% 
s t eel f ib er s  with a p ercentage decr ea s e  o f  44 . 
b) When 2 U4 bars wer e used , the maximum crack wid t hs 
-4 rang ed from 83 to 65 x 10 ( in )  f or 0 . 0  to 0 . 8% 
s teel f ib ers wit h a d ecrea se of  2 1  p ercen t . 
c ) When 2 #5 · bars were used crack wid ths rang ed f rom 
7 5  to 46 x 10 -4 ( in) f or 0 . 0  to 1 . 2% stee l  f iber 
wi t h  a maximum decrease of  3 9  percen t . 
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A s ta t is t ical analys is us ing r egre s s ion metho d  wa s d one for 
the maximum crack width data g iven in tab le 5 . 17 .  The actual r ead-
ing s were hig her than t he calculated values us ing Gregely-Lu t z  for-
mula , exc ept when 1 . 2% s teel f ib er s  was used . The best  f i t t ing l ine 
3,------, 
throug h t he da ta po in t s  for W/ ( 0 . 0 7 6  Sh . f  ld . A  ) v s . % s t eel f ib er s  s c c 
wa s ob t a ined with an in ter cept of 1 . 00 and slope of ( -0 . 32 ) , t pe ' F '  
value wa s 12 6 and the correla t ion coef f ic ient wa s -0 . 94 6  (Table D . ll) . 
Therefo r e  Greg ely-Lutz  formula could be mod if ied t o  t he f orm in equa-
t ion 6 . 14 ,  whic h the ef f ec t  of steel f ib er s  will b e  inc lud ed in the 
formula . Greg ely-Lu t z  f ormula whic h was ado p t ed by t he ACI Code 
s l ightly underes t imates the crack wid ths . Equa t ion 6 . 15 incr eases t he 
crack wid th pred ic t ion by about 8 percent f o r  p l a in concr et e .  
3,-----w c 1 . oo - o . 3 2 P ) o . o7 6  sh . f  ld . A  ( 6 . 14 )  
o r  W 
s s c c 
c o . o7 6  - o . o 2 4  P ) sh . f  d . A  s s c c 
where Sh , f s , de and Ac are def ined in sect ion 5 . 8  
( 6 . 15 )  
Tab le 6 . 18 shows t he ac tual and cal cu la t ed valu es f or maxi-
mum crac k wid ths . 
Beam % S teel Actual  
Fibers  Maximum 
Crack Wid th 
x lo-4 in 
0 . 0  8 7  
2 11 3  0 . 8  5 7  
1 . 2  49 
0 . 0  83  
2 114 0 . 8  65  
0 . 0  7 5  
2 115 0 . 8  5 7  
1 . 2  4 6  
Table 6 . 18 
Actual and Calcula ted Maximum Crack W id ths  
at  Mid span and Midd le Suppor t 
Calculated % Dev ia tion 
Hax iruum from 
Crack Wid th Actual 
Us ing 
Equat ion 
6 . 15 
x lo-4 in 
7 4  -14 
5 6  - 2 
4 6  - 6 
7 9  - 5 
60  - 7 
80  + 7 
60 + 5 
50  + 9 
Ac tua l  
Haxirnum 
Crack Width 











Crack Wid th 
Us ing 
Equat ion 
6 . 15 
x lo-4 in 
86  




9 5  
7 2  
6 0  














6 . 8 . 2  Crac k Spac ings 
Table 5 . 19 shows t he maximum and minimum crack spac ing at  
the m idd l e  suppor t .  I t  can b e  s ta t ed t ha t : 
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a ) B eams r e inforced with 2 #3 bars had maximum crac k spac-
ing rang ing from 8 to 5 inc hes and m in imum crack spac-
ing 2 to 1 . 5  inches f or 0 and 0 . 8% f ib er s .  
b ) B eams re inforced wit h  2 #4 b ar s  had maximum crack spac-
ing of 5 to 4 inches and m in imum spac ing wa s abou t  2 inches 
for 0 . 0  and 0 . 8% s t eel f ib er s .  
c ) B eams re infor ced wit h 2 # 5  bar s  had maximum crack spac ing 
of 6 to 3 inches and minimum cr ack spac ing o f  1 inch 
I ' 
f or 0 . 0  t o  0 . 8% f iber . 
I t  is obv io us that t he inclu s ions o f  steel f ib er s  reduces 
the spac ing between the cracks b ec ause of  b e t t er s tr a in d i str ibu t ion . 
In mo s t  ca ses t he m in imum crack spac ing or the c lo se s t  d is t ance b e-
tween two consecu t iv e  cracks was betwen 1 t o  2 inc hes . The maximum 
percen tage for decrease of  crack spac ing wa s 50% when 2 # 5  bar s and 
0 . 8% s teel f ib er was us ed . A reduct ion of 3 7% was calculat ed f or 
the case o f  2 # 3  bar s with 0 . 8% f ib er s . 
When numb er of  cracks a t  t he middle suppo r t  i s  cons idered , 
it is conc lud ed from t able ( 5 . 19 )  tha t  when s t eel f ib er s  are add ed 
t o  t he m ix ,  t he numb er of cracks incr eas e .  Tab le ( 6 . 19 )  shows a 
summary of  the number of  cracks at serv ice load and ult imat e  load 
f or plain and f ibrous concret e . Th is table represen t s  the number of  
cracks a t  t he middle supp or t and a t  mid span . The r a t io o f  the 
numb er o f  cracks d eveloped at serv ic e  load to t he t otal number of  
cracks a t  ult imate ar e also shown in table ( 6 . 19 ) . 
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As i t  is shown in table ( 6 . 19 )  when stee l  f ib er s  wer e  pre­
s ent in the beams , between 45 to 66 p ercen t  of t he cracks developed 
b efore serv ice load and t he res t star ted af t er the serv ice load . 
I t  can b e  concluded tha t  an average of  about 5 5% o f  the c racks d evelop 
b ef or e  t he serv ic e  load and 45% develop af t er t he s erv ice load ha s 
b een reached . On the o t her hand pl� in concrete d evelop s  a bout 8 0% 
of  its cracks before serv ic e load . This means in the cas e o f  pla in 
concrete two o r  t hree cracks star t at lower load s and the same cracks 
lead up t o  f a i lur e .  F igur es ( 6 . 2 2)  and ( 6 . 2 3 )  show the cracks f or 
p la in and f ibrou s  concrete beams . 
From the prev ious d iscu s s ion i t  can be c oncluded tha t : 
1) More cracks develop in f ibrous conc r et e  and the spac ing 
b etween cracks are much sm�ller than tha t  of p la in con­
cret e . This proves that the f iber s  d istr ibute t he stra in s  
( 2 5 )  - t.\ mor e  evenly in f ibrous concret e .  Henager and Dohert y  
also concluded tha t crack wid th s  and crack spac ing s are 
smal ler in f ibrous concre t e  than pla in c oncre t e  and also 
that f ir s t  cracks dev elop at h igher loads f or f ibrous 
concre te . 
2 )  Crack w id ths w·er e much sma ller f or f ib rous concrete . 
At a g iven lo ad , r educt ions up t o  5 4  p er cent with 1 . 2  
1 9 1  
F igure 6 . 2 2 Cracks i n  p lain concrete 
F igur e  6 . 2 3 Cracks in f ibrou s concrete 
Tab le 6 . 19 
Number of Cracks at  S ervice and Ul t imate Loads 
a t  Midd le Suppor t and Mid spans 
At Hiddle Support At Mid span 
% S teel Number of Cracks {F igure 3 . 1 7} Number of Cracks (Eigure 3 . 17)  
Beam F iber At S ervice Load At Ult imate 
0 . 0 4 6 
2 11 3  0 . 8  3 5 
1 . 2  4 7 
0 . 0 3 4 
2 /IL• 0 . 8  3 7 
1 . 2  
0 . 0  I 3 4 
2115  0 . 8  4 7 
1 . 2  3 5 
* t "  
Number of cracks at  serv ice load 
ra �o = -To tal number of  cracks at  u l t imate 
rat io*  Serv ice  Load Ult imate ra t io*  
66% 5 6 84%  
6 0% 6 9 66%  
57%  4 8 S O% 
7 5% 4 5 8 0% 
43%  5 11  45% 
7 5% 4 5 8 0% 
5 7 %  3 6 5 0% 





percent s teel f iber was obtained . S im ilar resul t s  
wer e obtained by prev io us resear�hers . ( Z5 , 3 4 )  
3 )  When st eel f iber s were used , about 5 5 %  o f  t he cracks 
d ev eloped at working load s  and the cr acks were b e t t er 
· •  
d is tr ibut ed than plain concrete cracks . Some s tar t ed 
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s imul taneou sly and increased gradually , then more cracks 
star t ed af ter serv ice load . In the cas e  o f  p la in con-
c r e t e ,  les s crac ks dev eloped bu t the crack wid t hs in-
creased with hig her int en s ity and were mor e  cr i t ica l . 
In all cases the cracks that developed a t  serv ic e load s ,  
spec ially a t  the negat ive moment r eg ion , cont inued to 
grow and f ormed the plast ic hing e s . 
6 . 9  Compar ison of  S ome Resu l t s  to Other Research 
The ef f ec t  of inc lus ion of s t eel f ib er s on some o f  the 
phys ical pro p er t ies o f  concrete was tested .  The r e sul ts o b t a ined 
in t hi s  r esearch were somewhat s imilar to the r e su l t s  o bta ined by 
Mu sa . < 34 )  The c ompar ison o f  the conclu s ions are a s  f ol lows : 
1 Modulu s  of  elas t ic ity 
The modulus of  elast ic ity of f ibrous concr e te is l es s  
tha t tha t of pla in concrete . The equat ion o b t a ined 
in this resear ch i s : 
E = ( 33 - 7 . 6  p ) w1 · 5 1� c s c 4000 < f ' < 5000 - c -
i1usa C 3 4) conc lud ed that the d ecr ea s e  o f  the modulus 
of ela s t ic ity of f ibrou s  concrete is as  f o llows : 
E = ( 33 - 6 . 7  p ) w1 " 5 1� 5 000 < f ' < 8000 c s c - c -
The d if f er ence o f  the two equat ions is c au s ed by 
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the d if f er ence in the compres s ive s tr eng t h  of the c on-
cr e t e  us ed . In hig h strength concr ete ,  the bond streng t h  
b etween t he f ib er and c ement a r e  higher t han norma l 
s tr eng th concret e . Thi s  cau ses l e s s  r educ t ion in s tra ins , 
theref or e there is l ess  reduct ion in the modulus o f  
e la s t ic ity . 
Comb in ing the data of  bo th re searches , e quat ion 6 . 1 6  i s  
sugg e s t ed f or calcu lat ing t h e  modulu s o f  e las t ic ity of  
f ibrou s concrete for compre s s iv e  streng t hs rang ing f rom 
4 000 p s i  t o  8000 ps i .  
Ec = ( 3 3 - 7 . 2 P s) w
1
·
5 � ( 6 . 16 )  
2 - Spl it Cyl inder S tr engt h  
The t ens ile s tr eng th of  f ibrous conc r e t e  f or c oncr e t e  
c ompr e s s ive s tr eng th of 4000 ps i t o  5 000 p s i ,  c an b e  
calculated by t h e  following equation obta in ed from t hi s  
r e s earch . 
Musa < 34 )  concluded the following e qu a t ion f or calculat ing 
the t ens ile s tr eng t h  of f ibrous concre t e  f or 5000 < � ' - c  
< 8 000 p s i . 




Comb ining the data of t he two resear ch proj ec t s , result s 
into equat ion 6 . 17 for pred ic t ion of  the t ens ile str ength 
of f ibrous concrete with f ' rang ing f r om 4 000 psi t o  c 
8 000 p s i . 
f 
c t  ( 6 . 7  + 3 . 5 3 p ) �  s c 
3 - Modu lus o f  Ruptur e 
( 6 . 17 )  
Bo th research proj ec t s  conc luded tha t , when s t eel f iber s  
a r e  used , there ar e two s tages o f  f l exur e f a ilure : a)  
f ir s t  modulus of rup ture ;  b )  ult imate modu lu s of  rup ture . 
a) f ir s t modu lus o f  rup ture 
The equa t ion der ived in this r esearch is as f ollows : 
fr l  
= ( 7 . 5  + 2 . 6  p ) /� 4 000 < f ' < 5 0 0 0  p s i s c c 
Musa ( 34 )  concluded a slightly d if f erent equat ion 
b)  Ul t ima te modulus o f  rup tur e 
5000  < f ' 2._ 8 000 p s i  - c 
The equa t ion d er ived in t his research i s  a s  f o l lows : 
f = ( 7 .  5 + 4 .  35 p ) . If' 4000 < f ' < 5 000 p s i  ru s c - c 
Mu sa ( 3 4) conc luded the following : 
fru = ( 7  . 5  + 6 . 1  p s) � 5 0 0 0  .2_ f c ' 2._ 8 0 0 0  p s i  
The d if f erence be tween the conclu s ions o f  t h e  two 
r e sul t s  are mainly caused by t he d if f erence in t he 
compress ive s treng th o f  the c oncr ete used . In h igh 
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streng th concr ete , the f ibers w i l l  b e  mor e  ef f ec t ive 
in increas ing the ten s ile s tr eng t hs in b end ing than 
in normal str eng th concret e . 
Comb ining the data of  the two exp er imen t s , r e su l t s  in to 
equa t ions 6 . 18 and 6 . 19 to calculate the f ir s t  and u l t ima t e  modulu s  
o f  rup tur e of  f ibrou s concr ete f or concrete compr e s s ive streng t h  of  
4000 psi  to 8000 p s i .  
f 1 = ( 7 . 5  + 3 . 0  p ) �  r s c (-6 . 18 )  
( 6 . 19 )  
1 97 
CHAPTER VI I 
CONCLUS IONS AND RECOMMENDATIONS 
Ba sed on t he resu lts of this exp erimental r e s ear ch proj ect , 
a summary of  the conc lus ions are present ed in this c hapter . The 
conc lus ion s  are d iv ided in to f ive sec tions : Phys ical Proper t ies , 
P la s t ic Ro tat ions , Def l ec t ion , Load Carry ing Capac i ty and Cracks . 
I .  Phys ical Proper t ies : 
1) The compress ive streng th o f  f ibrous concr e t e  was 5 
to 8 p ercent higher than p l a in concrete when 0 . 8  
and 1 . 2 percent steel f ib er s  was u s ed . I t  is not 
recommended to use steel f ib er s  to incr ease t he 
compr e s s ive strength o f  concr ete· ( sect ion 6 . 1) . 
2 )  T h e  modulus of  elast ic ity o f  f ibrou s concr ete was 
found to be 8 to 2 3  percent lower t han p la in concre te 
for 0 . 8  to 1 . 2  percent steel f iber s . The ma in r eason 
be ing the lower bond s treng t h  between f iber and 
c ement mor tar caus ing higher deformat ion and s tr a ins 
in compr es sion . The fol lowing equat ion is r ecommended 
for calcu lat ing the modu lus o f  elas t ic ity of  norma l 
s tr eng th ( 4000 to 5000 p s i)  f ibrous concrete ( sec t ion 
6 .  2) • 
E = ( 1  - 0 . 2 3 p ) 3 3  w1 • 5 � c s c ( 6 . 1) 
3 )  Upon inves t ig a t ing the tens ile streng t h  o f  concr e te , 
it is concluded tha t t he sp l it cyl ind er s tr eng th of  
f ibrous concrete is muc h  hig her t han t ha t  o f  plain 
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concr ete . The fo llowing equa t ion i s  recommended 
f or calculat ion of the tens ile s tr eng th of f ibrous 
concre te ( sec t ion 6 . 3 ) 
f 
c t  ( 6 . 2 ) 
4) The modulus of rup tur e of f ibrous c oncrete wa s f ound 
to have two ma in s tag es : 
a)  F ir s t  modulus of rupture ,  wher e  the f ir s t  crack 
s tar t s  to propagate , and it  c an be calcula ted by 
the fol lowing equat ion ( se c t ion 6 . 4 . 1) . 
( 6 . 3) 
b) Ul t imate modu lus of  rupture is when the spec imens 
cou ld no t take any more stresses , and it is be-
tween 13 to 2 0  per c ent higher t han f ir s t  modulus 
of rupture for 0 . 8  to 1 . 2  p er cent s teel f ib er s . 
The fo llowing equat ion was d er ived f or the cal-
culat ion of u l t imate modulus of  rup ture f or 
f ibrous concr ete ( sec t ion 6 . 4 . 2 ) . 
f = ( 1  + 0 . 58 p ) · 7 . 5  �  ru s c 
I I . P last ic Ro ta t ions : 
( 6 . 4 ) 
The pla s t ic ro tat ion o f  f ibrou s  concr e te can be e s t imated 
within a reas onable range , if the f o llowing parame ter s 
are as sumed co rr ec t ly . 
1) The leng th of the pla s t ic h ing e can be rela t ed to the 
ef f ec t ive depth of  t he sec t ion and the p er c entag e of 
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ma in s t eel and s t eel f iber s  in t he b eam . The f o llow-
ing equa t ion c an be used to est imat e  the leng th o f  
t h e  p last ic hinge a t  a crit ical s ec tion ( sec t ion 
6 .  5 . 1) • 
( 6 .  5)  
2 )  The curvatur e  d istr ibu t ion fac tor wa s calcu la t ed 
from inves t igating the ro ta t ions , and t he r ecommended 
va lue is - S = 0 . 56 for p la in concret e ,  and for  f ibrou s  
concrete the f o llowing i s  recommended ( sec t ion 6 . 5 . 2 ) . 
s = 0 . 5 6 - 0 . 1 6 p s ( 6 .  6)  
3)  From the inves t igat ion o f  this r e s earch i t  i s  c on-
e luded that the plast ic ro tat ion capac ity of f ibrou s 
concrete was sub s tan t ia lly higher t han tha t  o f  p la in 
concrete . The ca lculat ion of  p la s t ic r o ta t ions i s  
u sually t o o  c ons ervat ive compared to a ctua l p las t ic 
ro ta t ion capacity of concrete , espec ial ly in f ibrous 
concrete . The following equat ion i s  recommended f or 
the es t imat ion of  pla st ic rotat ion o f  f ibrous and 
p la in concrete ( sec t ion 6 . 5 . 3 ) . 
0 . 003 
y .  S . K u 
( 6 .  9 )  
( 4 . 3  + 2 . 2 4 P s - 0 . 04 3  f y + 4 . 1 7 P P s) . s°K003 
u 
where y= ( 4 . 3  + 2 . 24 p - 0 . 04 3  f + 4 . 17 p p  ) s . y s 
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The plastic ro tat ion capac i ty o f  re inforced concrete 
i s  sub stant ially improved by u s ing s t ee l  f ib er s . 
I t  is also related to the perc en tag e o f  main s t eel 
and the y ield streng th o f  the ma in b ar s . Low streng t h  
s t eel ( l es s than 60 Ks i) is recommended f or h ig her 
pla s t ic rota t ion capac ity . 
The use of  s t eel f ibers is recommend ed in r e inforced 
concrete struc ture espec ia lly in ear thquake z one 
areas tha t seismic loading s are presen t  and s tru ctures 
tha t  could be introduced to dynam ic and blast load ing 
espec ially in military bases . 
4) Duc t il ity of  reinforced concret e was es t imat ed u s ing 
the rat io of ul t imate curvature to y ield curvatur e .  
The super ior ity o f  f ibrous concr e t e  duc t il i ty i s  proven 
in this resear c h .  The ability t o  take inelas t ic d e-
forma t ion by f ibrous concret e a l lowed the cr it ical 
sec t ions to rotate and def orm inelas t ically without 
any sudden fa ilur e . 
S teel f ib er s  ar e recommended f or duc t il i ty improvement 
and avo id ing a catastrophic fai lure . The duc t il ity o f  
f ibrou s reinforced concrete can b e  e s t imat ed us ing 
the f o llowing equat ion ( sec t ion 6 . 5 . 4 ) . 
� ·  = ( 1  + 3 . 8  p ) � s ( 6 . 10 )  
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I II . Def lec t ions 
Def lec t ion of r e inf orced concrete member s is invers ely 
propor t ional to the s t if f ness [ 6  = f (
E
�) ] ;  increase in 
s t if fnes s reduces def lec t ion whil e a decrea s e  in s t if f -
nes s  increases def lec tion . The s t if fnes s depends on two 
f ac tors ; 1 - Modulu s of  elas t ic ity ( E  ) and 2 - Ef f ec t ive c 
moment o f  iner t ia ( I ) .  e 
From th is res earch it was concluded t ha t the modulu s  of 
elas t ic ity decreases when s teel f ib er s  ar e add ed to the 
mix ;  therefore this decrease will incr ea s e  the deflect ion 
at serv ic e  load of f ibrous concre t e .  I t  wa s also con-
e lud ed tha t  the ef fec t ive moment of iner t ia o f  f ib r ous 
concrete is h igher than that of pla in concrete , due to 
the fo llowing : 
a)  inc rea s e  in modu lu s o f  rupture which increa s es the 
cracking moment (M ) cr 
b) increase of  the modular ra t io (n) which inc r eases 
the moment of iner t ia of a cracked sec t ion ( I  ) . cr 
If the increase of the eff ec t ive m�ment of inert ia ( Ie) 
is more s ignif icant than the decrea s e  o f  the modulu s 
of elas t ic i ty (E ) , then deflec t ions wil l  be impr oved , c 
but if t he decrease of  (Ec) is more s ignf icant t han the 
increa s e  of ( I ) ,  then there will be higher def l ec t ions e 
at serv ic e load . 
2 02 
In thi s resear ch the chang e of  st if fnes s  was in s igni-
f icant , t herefore , the inc lu s ion of s t ee l  f iber s d id no t 
have maj or ef f ec t  on the def l ec t ions a t  serv ice load . 
From the int erpretat ion of the resu l t s ,  i t  c an be c on-
e luded tha t  the use of s t eel f iber s could improve d e-
f lec t ions when low ma in steel per c entag e s  are used . 
The f o llowing equat ion is recommended t o  c a lculate the 
ef f ec t ive moment o f  iner t ia o f  f ibrou s concr e t e . 
I ' e 
M ' M ' 
(_£E__)
3 I + [ 1 - (_g_) 3 J  I ' Ma g Ma cr  
( 6 . 13 )  
where : I ' e ef f ect ive moment of iner t ia of f ibrou s 
concret e 
M cracking moment of  f ibrous concr ete cr 
( 1  + 0 . 5  p ) M s cr 
M ac tual momen t in t he s ec t ion a 
I gro ss  moment o f  inert ia o f  the sect ion g 
neglec t ing the s t ee l  
I moment of iner t ia o f  a cracked sect ion in cr 
f ibrous concrete 
(1 + 0 . 14 p ) I s cr  
M cracking moment of p la in c oncr e te 
cr 
I moment of inert ia of a cracked , pla in can-er 
crete sec t ion 
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The ACI Cod e formula can con servat ively b e  used f or 
f ibrous concrete wi th ma in steel p ercentag e > 1 t o  
calculate def lec t ion , u s ing t he s t if fness  o f  p la in 
concr et e ,  even though Ec and I e cha
ng e ;  the c hang e in 
I and E counterac t each other ' s ef f ec t  on t he s t i f f -e c 
nes s . 
IV . Ult imate Load Capac ity ( sec t ion 6 . 7 ) 
1 )  The u l t imat e  load capac ity o f  f ibrous concrete con-
t inuous beams was h igher t han t ha t  o f  p la in c oncrete . 
The r educt ion in s trains in the main steel , increases 
the y ield load of  t he member . 
2 )  S tr a in r educ t ions in ma in s teel wer e a s  h ig h  a s  2 6  
per cent for 2 #3 and 0 . 8  p er c ent f ib er s  a t  t he nega-
t ive moment sec t ion . 
3 )  S tr a in reduct ions in main s t eel a t  the po s it ive 
moment sec t ion were as  high as 2 5 %  f or 2 #5 and 2 4  
percent for 2 #4 with 0 . 8  p ercent st eel f ib er s  
( sec t ion 6 . 7 . 2) . 
4 )  U l t ima te concrete strains were as  hig her a s  .:..5800 
xlo- 6  in/ in for 2 #4 and 0 . 8  p er cent s t eel f ib ers . 
For 2 # 5 , u l t imate concrete stra ins were about -5600 
xl0-6 ( in/ in) , where in pla in concr e t e the ult ima te 
concrete stra ins d id not exceed -3 0 0 0  xl0- 6  ( in/ in) . 
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5 )  In g ener al ,  the u l t ima te moment capa c ity o f  f ibrous con­
crete increased ins ignif icantly . The mo s t  ef f ec t ive r e­
sul t s  wer e obtained when ma in steel p er centag e less than 
1% wa s used , where the ult imat e  moment capac ity increa s ed 
by about 1 2  p ercent . 
6 )  The u l t imate moment capac ity inc r eased abou t 5 p er cent 
when p > 1% wa s used . 
V .  Cracks 
1 )  Fibrou s concrete beams had a bet t er d is tr ibut ion o f  cracks , 
becau s e  the strains were more unif ormly d is tr ibu t ed . 
2 )  Max imum crac k spac ing and the maximum c r a c k  wid t hs wer e much 
smaller than . t hat of pla in concrete . P l a in concr ete beams 
had f ewer bu t wider and cr it ical cracks t han id ent ical beams 
containing steel f ibers at serv ice load . 
3 )  P la in concrete develop s abou t 8 0% of i t s  cracks a t  wo rk­
ing load . F ibrous concrete developes only about half o f  
i t s  cracks at working load . 
4 )  The max imum and minimum crack spac ing s '"'ere 5 and 1 . 0  
inche s for f ibrous concr et e ,  and for plain c oncr ete the 
max imum crack spac ing was abou t  8 inche s . 
5)  F ibrou s  concrete cracks at servic e load wer e sma l l er than 
p la in concrete crac ks . Max imum crac k r educ t ions of 54 and 
44% were obta ined when 2#3 and 1 . 2  p er c ent s teel wa s u sed at  
nega t ive and po s it ive moment sec t ion , respec t ively . 
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6 )  T o  calculate the crack widt hs f o r  f ibrous c oncrete 
the f o l lowing equat ion is recommended ( sec t ion 6 . 8 . 1) .  
3----
w = C l  - o . 32 P ) o . o7 6  sh . f  
ld A ( 6 . 15)  s s c c 
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APPENDIXES 
APPENDIX A 
Tab le A . l 
Ac tual Ro tat ion at the Cr it ical S ec t ion Us ing 
Method 1 x l0-4 Rad ians 
2 12 
Main Bar s 2 113 % S t eel F iber s = 0 . 0  � 8 inches 
Load Moment cp l 
Kips Kip- in 
1 . 05 1 1 . 70 0 . 05 
2 . 10 2 3 . 3 7 0 . 10 
3 . 15 3 5 . 00 0 . 1 5 
4 .  2 0  4 6 . 7 5 0 . 2 0 
5 . 2 5 58 . 43 0 . 2 8 
6 .  3 0  7 0 . 12 0 . 4 6 
7 . 3 5 81 . 8 1 0 . 6 6 
8 . 4 0 9 3 . 4 9 1 . 17 
� 9_· 4 5_- 105 . 18 1 . 84 
10 . 5 0 1 . 92 
. ---=-�I .  5�- ) 2 . 00 
12 . 60 4 . 9 5 r 'f:f . oQ) 13 . 9 0 
13 . 4 0  
* f ir s t  yield at middle suppo r t  
II s econd y ield a t  midspan 
** f a ilur e 
4>
2 
0 . 05 
0 . 10 
0 . 17 
0 . 94 
2 . 6 6 
3 . 78 
5 . 5 9  
6 . 7 6 
8 . 74 
11 . 5 6  
2 5 . 60 
30 . 50 
24 . 00 
0 . 1 0 
0 . 2 0 
0 . 3 2 
1 . 14 
2 . 94 
4 . 24 
6 . 2 5 
7 . 93 
10 . 58*  
1 3 . 48 
2 7 . 6 0 11  
3 5 . 45 
4 7 . 9 0** 
0 . 8  
1 . 6  
2 . 6  
9 . 1  
2 3 . 5  
3 3 . 9  
5 0 . 0  
63 . 4  
84 . 6* 
10 7 . 9  
2 2 0 . 8 11 
284 . 0  
383 . o,.:* 
Table A . 2 
Ac tual Ro ta t ion at the Cr it ical S ec t ion Us ing 
Method -4 1 xlO Rad ians 
Main Bar s 2 113 % S teel F ibers = 0 . 8  
Load Moment ¢ 1 ¢ 2 
Kip s Kip - in 
1 . 05 11 . 8  . 3 4 . 2 8 
2 . 10 23 . 6  . 68 . 57 
3 . 1 5  3 5 . 4  1 . 02 . 8 6 
4 . 2 0 4 7 . 3  1 . 38 1 . 14 
5 . 25 5 9 . 0  1 . 64 1 . 23 
6 . 30 7 0 . 9  1 . 90 1 . 3 2  
7 . 3 5 82 . 7  2 . 17 2 . 08 
8 . 4 0 94 . 5  2 . 43  2 . 6 2 
9 . 45 1 0 6 . 3  2 . 4 6 3 . 3 8 
10 . 50 1 18 . 1  2 . 85 3 . 82 
'- 11 . 5 5 1 1 8 . 1  4 . 17 4 . 11 
12 . 60 1 18 . 1  6 . 2 0 5 .  0� 
13 . 00 1 18 . 1  10 . 18 6 . 25 
13 . 4 0 1 18 . 1  11 . 7 0 8 . 07 
13 . 80 1 18 . 1  13 . 16 8 . 85 
14 . 2 0 1 18 . 1  18 . 34 12 . 30 
14 . 60 118 . 1  2 1 . 70 17 . 10 
15 . 0 0 118 . 1  24 . 10_ . 19 . 95 
1 5 . 40 118 . 1  2 6 . 45 23 . 90 
1 5 . 80 118 . 1  48 . 30 43 . 20 
1 6 . 20  118 . 1  5 0 . 80 43 . 2 0 
1 6 . 60 118 . 1  63 . 5 1 5 3 . 40 
1 7 . 00 118 . 1  114 . 3 0 88 . 90 
* = f ir s t  yield at middl e suppor t 
II = second y ield a t  midspan 




. 6 2  
1 . 25 
1 . 88 
2 . 5 2 
2 . 87 
3 . 2 2 
4 . 25 
5 . 1 0 
5 . 8 5 
6 . 6 7 *  
8 . 28 
11 . 2 3 11  
1 6 . 40 
1 9 . 80 
2 2 . 00 
3 0 . 60 
3 8 . 80 
4 4 . 00 
5 0 . 40 
9 1 . 50 
94 . 00 
117 . 00 
2 03 . 00** 
2 13 
' 
6 . 5  inches 
e 
. 03 
8 . 13 
1 2 . 2 2 
1 6 . 38 
18 . 66 
20 . 90 
2 7 . 60 
3 3 . 00 
3 8 . 00 
4 3 . 40* 
53 . 90 
7 3 . 00 11  
107 . 00 
128 . 50 
143 . 00 
200 . 00 
2 5 2 . 00 
2 8 6 . 00 
32 7 • . oo 
5 9 5 . 00 
611 . 00 
7 6 0 . 00 
13 2 1 . 00** 
214 
/ 
Table A . 3 
Ac tual Ro tat ion a t  the Cr it ical S ect ion Us ing 
Method 1 xlo-4 Rad ians 






Kip s Kip- in 
1 . 05 1 1 . 8  0 . 20 . 9 5 1 . 15 8 . 63 
2 . 10 2 3 . 6  0 . 40 1 . 1 4 1 . 54 1 1 . 55 
3 . 15 3 5 . 4  0 . 4 5 1 . 18 1 . 63 12 . 23 
4 . 2 0 4 7 . 3  0 . 9 1 1 . 3 9 2 . 3 0  1 7 . 3 0  
5 . 2 5 5 9 . 0  1 . 3 3 1 . 8 9  3 . 22 24 . 2 0 
6 . 3 0 7 0 . 9  1 . 7 9 1 . 8 9  3 . 68 2 7 . 6 0 
7 . 3 5 8 2 . 7  2 . 23 2 . 93 5 . 1 6 3 8 . 7 0 
8 . 4 0 9 4 . 5  2 . 80 3 . 6 7 6 . 4 7 48 . 5 2 
9 . 4 5 1 0 6 . 3  2 . 84 3 . 7 5 6 . 59 4 9 . 43 
10 . 80 12 1 . 0  3 . 4 7 3 . 83 7 . 3 0* 5 4 . 80* 
1 1 . 5 5 1 2 1 . 0  5 . 74 4 . 95 1 0 . 7 0 8 0 . 20 
12 . 60 1 2 1 . 0  10 . 9 0 5 . 3 7 1 6 . 3 0 11  122 . 0011 
13 . 00 12 1 . 0  16 . 00 8 . 4 6 2 4 . 4 6 184 . 00 
13 . 4 0 1 2 1 . 0  19 . 7 0 10 . 50 3 0 . 2 0 2 2 7 . 00 
13 . 8 0 1 2 1 . 0  25 . 00 14 . 4 0 3 9 . 4 0 3 00 . 00 
1 4 . 2 0 1 2 1 . 0  28 . 70 18 . 8 0 4 7 . 5 0  3 5 6 . 00 
14 . 60 1 2 1 . 0  3 5 . 30 23 . 7 0 5 9 . 00 443 . 00 
15 . 00 1 2 1 . 0  4 9 . 5 0 28 . 60 7 8 . 00 58 6 . 00 
15 . 40 12 1 . 0  65 . 00 34 . 3 0 9 9 . 3 0 745 . 00 
15 . 80 1 2 1 . 0  80 . 00 40 . 00 12 0 . 00 9 00 . 00 
16 . 20 1 2 1 . 0  104 . 8 0 45 . 7 0 150 . 00 112 9 . 00 
16 . 60 1 2 1 . 0  1 98 . 3 0 6 6 . 00 2 C 4 . 3 0 * *  1 9 8 2 . 00** 
* = f ir s t  yield a t  the middle support 
II = second y ield a t  mid span 
** = fa ilure 
2 15 
Table A . 4  
Ac tual Ro t a t ions at the Cr it ical S ec t ion Us ing 
-4 Me thod 1 xlO Rad ians 
Ma in Bar s 2 #4 % S teel F iber s = 0 . 0  HL 
= 7 inches 
Load Moment 
cp
l ¢ 2 cp e 
Kips Kip-in 
1 . 05 11 . 7  . 13 . 12 . 2 5 1 . 7 5 
2 . 10 23 . 4  . 2 5 . 24 . 4 9 3 . 43 
3 . 15 3 5 . 0  . 38 . 3 6 . 7 4 5 . 20 
4 . 2 0 4 6 . 8  . 50 . 48 . 98 6 . 9 0 
5 . 2 5 58 . 4  . 63 . 6 0  1 . 23 8 . 60 
6 . 3 0 7 0 . 4  . 7 6 . 7 2 1 . 48 10 . 40 
7 . 35 8 1 . 8  . 88 . 8 5 1 . 7 3 12 . 10 
8 . 40 9 3 . 5  1 . 00 . 9 0 1 . 90 13 . 3 0 
9 . 4 5 105 . 2  1 . 12 1 . 10 2 . 22 15 . 5 0 
1 0 . 50 117 . 0  1 . 37 1 . 2 0  2 . 5 7 18 . 00 
1 1 . 55 128 . 6  1 .  7 8  1 . 43 3 . 2 1  2 2 . 50 
12 . 60 14 0 . 2  2 . 12 1 . 53 3 . 6 5 26 . 00 
13 . 65 15 2 . 2  2 . 7 8 1 . 9 5 4 . 7 3 33 . 00 
14 . 7 0 1 6 3 . 6  3 . 3 8 2 . 10 5 . 48 3 8 . 00 
15 . 7 5 1 7 5 . 3  4 . 0 0 2 . 30 6 . 30 44 . 00 
16 . 8 0 1 8 7 . 0  4 . 25 3 . 50 7 . 7 5  54 . 00 
17 . 8 5 1 9 9 . 0  4 . 9 5 4 . 3 0  9 . 2 5 6 5 . 00 
18 . 9 0 2 10 . 4  5 . 60 5 . 0 0  10 . 6 0 *  7 4 . 00* 
19 . 9 5 2 10 . 4  16 . 3 0 14 . 90 3 1 . 2 0 #  218 . 0011 
* f ir s t  yield at middle support 
II second y ield at midspan and f a ilur e 
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Table A . 5 
Ac tual Ro tat ions at the Cr it ical S ec t ion Us ing 
-4 Method 1 xlO Rad ians 




2 cp 8 
Kip s  Kip - in 
1 . 05 11 . 7  . 13 . 22 . 3 5 2 . 8 
2 . 10 2 3 . 4  . 3 2 . 44 . 7 6 6 . 0  
3 . 15 3 5 . 0  . 69 . 66 1 . 3 5 1 0 . 8  
4 . 20 4 6 . 8  . 8 8 . 88 1 . 7 6 14 . 0  
5 . 25 58 . 4  1 . 08 1 . 10 2 . 20 17 . 6  
6 . 3 0 7 0 . 4  1 . 98 1 . 32 3 . 3 0 2 6 . 4  
7 . 3 5 8 1 . 8  2 . 30 1 . 5 4 3 . 8 4  3 0 . 7  
8 . 4 0 9 3 . 5  2 . 6 2 1 . 7 6 4 . 4 0  3 5 . 0  
9 . 4 5 105 . 2  3 . 17 1 . 98 5 . 2 0  4 1 . 6  
10 . 5  1 1 7 . 0  3 . 2 7 2 . 20 5 . 50 44 . 0  
11 . 5 5 12 8 . 6  3 . 40 2 . 30 . 5 .  7 0  4 5 . 6  
12 . 60 140 . 2  3 . 67 2 . 43 6 . 10 4 9 . 0  
13 . 6 5 1 5 2 . 0  4 . 00 2 . 7 2 6 . 7 2 54 . 0  
14 . 7 0 1 6 3 . 6  4 . 5 0 3 . 00 7 . 5 0  6 0 . 0  
15 . 7 5 1 7 5 . 3  5 . 00 3 . 28 8 . 3 0  6 6 . 4  
1 6 . 80 18 7 . 0  5 � 3 0 3 . 60 8 . 9 0  7 1 . 0  
17 . 85 1 9 9 . 0  5 . 90 3 . 7 7 9 . 7 0 7 7 . 6  
18 . 9 0 2 10 . 4  6 .  55 . 3 . 90 10 . 4 5 *  8 3 . 6* 
19 . 9 5 2 1 0 . 4 11 . 2 0 4 . 90 1 6 . 10 12 9 . 0  
2 1 . 00 2 10 . 4  12 . 20 5 . 7 0 1 7 � 90 143 . 0  
2 2 . 00 2 10 . 4  2 8 . 20 8 . 82  37 . 0011 2 9 6 . 011 
22 . 00 2 10 . 4  3 6 . 50 11 . 53 48 . 00 4 3 2 . 0  
23 . 00 2 10 . 4  4 6 . 20 21 . 2 0 6 7 . 5 0 5 40 . 0  
2 3 . 50 2 1 0 . 4  5 9 . 00 27 . 00 8 6 . 00 6 8 8 . 0  
2 3 . 50 2 10 . 4  7 7 . 00 30 . 7 0 108 . 00** 864 •. 0** 
* = f ir s t  yield at midd le suppor t 
II = second y ield a t  mid span 
** = fa ilure 
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Table A . 6 
Ac tual Ro tat ions at  the Crit ical S ec t ion U s ing 
-4 Method 1 xlO Rad ians 






Kip s Kip - in 
1 . 05 11 . 7  . 03 . 10 . 13 . 9 · 
2 . 10 2 3 . 4  . 10 . 2 0 . 3 0 2 . 0  
3 . 1 5 3 5 . 0  . 6 7 . 3 0 . 9 7 6 . 3  
4 . 2 0 4 6 . 8  1 . 19 . 4 0 1 .
"5 9 10 . 4  
5 . 25 58 . 4  1 . 96 . 4 6 2 . 45 15 . 9  
6 . 30 7 0 . 1  1 . 9 6 . 5 9 2 . 5 5  1 6 . 6  
7 . 3 5 8 1 . 80 2 . 0 1 . 6 9 2 . 7 0 17 . 6  
8 . 40 9 3 . 5  2 . 7 6 . 7 8 3 . 5 4  23 . 0  
9 . 45 105 . 2  2 . 82 . 88 3 . 7 0  2 4 . 0  
10 . 50 117 . 0  2 . 9 5 . 97 3 . 9 2  2 5 . 5  
1 1 . 5 5 128 . 6  3 . 12 1 . 08 4 . 20 2 7 . 3  
1 2 . 6 0 14 0 . 2  3 . 3 1  1 . 17 4 . 50 2 9 . 3  
1 3 . 6 5 15 2 . 0  3 . 90 1 . 2 7 5 . 17 3 3 . 6  
14 . 7 0 1 6 3 . 6  4 . 04 1 . 3 7  5 . 4 0 3 5 . 1  
1 5 . 7 5 1 7 5 . 3  4 . 26 1 . 46 5 . 7 2 3 7 . 2  
1 6 . 8 0 1 8 7 . 0  4 . 39 1 . 56 5 . 95 3 8 . 7  
17 . 85 1 9 9 . 0  4 . 63 1 . 66 6 . 3 0  4 1 . 0  
1 8 . 90 2 10 . 4  4 .  7 0  . 1 . 7 6 6 . 46 42 . 0  
1 9 . 9 5 2 22 . 0  4 . 9 0  1 . 8 6 6 . 7 6* 44 . 0* 
2 1 . 00 2 2 2 . 0  6 . 80 2 . 5 0 9 . 3 0  6 0 . 5  
2 1 . 00 2 2 2 . 0  13 . 9 0 2 . 63 16 . S O t! 107 . 3 1! 
2 3 . 10 2 2 2 . 0  2 6 . 9 0 16 . 40 4 3 . 3 0* * 2 8 2 . 0** 
* = f ir s t  y ield at middle support 
II = second y ield at m idspan 
** = f a ilure 
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Table A . 7 
Ac tual Ro tat ions at the Cr i t ical  S ec t ion Us ing 
-4 Method 1 xlO Rad ians 
' 







Kip s  K ip- in 
1 . 05 11 . 7  . 1 7 . 10 . 2 7 2 . 1 6  
2 . 10 2 3 . 4  . 3 4 . 19 . 5 3 4 . 24 
3 . 15 3 5 . 0  . 5 1 . 30 . 81 6 . 50 
4 . 2 0 4 6 . 8  . 68 . 38 1 . 06 8 . 5 0  
5 . 25 5 8 . 4  . 85 . 4 9 1 . 34 1 0 . 7 0 
6 . 30 70 . 1  1 . 02 . 5 8 1 . 60 12 . 80 
7 . 3 5 82 . 0  1 . 04 . 68 1 . 7 2 13 . 8 0 
8 . 4 0 9 3 . 5  1 . 48 1 . 3 0 2 . 78 2 2 . 00 
9 . 4 5 105 . 2  1 . 7 5 1 . 47 3 . 2 0 2 5 . 60 
10 . 5 0 117 . 0  2 . 09 1 . 90 4 . 00 3 2 . 00 
11 . 5 5 1 28 . 6  2 . 3 6 2 . 15 4 . 5 1  3 6 . 00 
12 . 6 0 1 4 0 . 2  2 . 83 2 . 5 4 5 . 37 4 3 . 00 
13 . 6 5 152 . 0  3 . 00 2 . 64 5 . 64 4 5 . 00 
14 . 7 0 1 6 3 . 6  3 . 3 7  2 . 8 1  6 . 20 49 . 6 0 
15 . 75 1 7 5 . 3  3 . 62 2 . 90 6 . 5 2 52 . 00 
1 6 . 80 187 . 0  4 . 12 3 .  05 7 . 17 5 7 . 00 
17 . 85 1 9 9 . 0  4 . 2 4 3 . 32 7 . 5 6  6 0 . 5 0 
18 . 90 2 10 . 4  4 .  6 1 - 3 . 63 8 . 2 4  6 6 . 00 
19 . 9 5 2 2 2 . 0 5 . 34 3 . 9 6 9 . 3 0 7 4 . 40 
2 1 . 00 2 3 6 . 0  5 . 6 0 4 . 3 9 10 . 00 8 0 . 00 
2 1 . 50 2 3 6 . 0  6 . 94 4 . 5 6 11 . 5 0*- 9 2 . 00* 
2 1 . 50 2 3 6 . 0  9 . 5 0  5 . 10 14 . 6 0 117 . 00 
2 2 . 00 2 3 6 . 0 14 . 56 6 . 11 2 0 . 7 0 ft 166 . 001! 
22 . 00 2 3 6 . 0  15 . 15 8 . 2 7 2 3 . 4 0 187 . 00 
2 2 . 00 2 3 6 . 0  15 . 3 0 9 . 73 2 5 . 00 2 00 . 00 
2 3 . 00 2 3 6 . 0  16 . 6 5 12 . 7 0 2 9 . 35 2 3 5 . 00 
23 . 00 2 3 6 . 0  17 . 10 14 . 00 3 1 . 10 248 . 00 
2 3 . 00 ' 2 3 6 . 0  18 . 33 17 . 2 0 3 5 . 50 2 84 . 00 
24 . 00 2 3 6 . 0  2 0 . 00 2 0 . 30 4 0 . 3 0  3 2 2 . 00 
2 4 . 00 2 3 6 . 0  2 2 . 5 0 2 7 . 10 4 9 . 60 3 9 7 . 00 
2 4 . 00 2 3 6 . 0  3 3 . 00 3 8 . 80 7 1 . 80 5 7 5 . 00 
2 4 . 00 2 3 6 . 0  4 5 . 00 7 6 . 00 1 2 1 . 00** 9 68 . O Q;�* 
* = f ir s t  y ield at  middle support 
tf = second y ield at  mid span 
** = f ailure 
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Table A . 8  
Ac tual Ro tat ion a t  the Cr it ical S ec t ion Us ing 
Ma in Bar s 2 tf 5  
Load Moment 
Kip s  Kip- in 
1 . 0 5 11 . 7  
2 . 10 23 . 4  
3 . 15 3 5 . 0  
4 . 2 0 4 6 . 8  
5 . 25 5 8 . 4  
6 . 3 0 7 0 . 1  
7 . 35 8 2 . 0  
8 . 4 0 9 3 . 5  
9 . 45 1 05 . 2  
10 . 50 117  .· o 
11 . 5 5 1 2 8 . 6  
12 . 60 140 . 2  
13 . 6 5 152 . 0  
14 . 7 0 1 63 . 6  
15 . 7 5 1 7 5 . 3  
16 . 8 0 1 8 7 . 0  
1 7 . 8 5 1 9 9 . 0  
18 . 9 0 21 0 . 4  
1 9 . 95 22 2 . 0  
2 1 . 00 2 3 6 . 0  
2 1 . 5 0  2 3 6 . 0  
21 . 50 2 3 6 . 0  
2 2 . 00 2 3 6 . 0  
22 . 00 2 3 6 . 0  
22 . 00 2 36 . 0  
23 . 00 2 3 6 . 0  
23 . 00 23 6 . 0  
23 . 0 0 23 6 . 0  
24 . 00 2 3 6 . 0  
24 . 00 23 6 . 0 
Method 1 X 
% S t eel 
<Pl 
. 05 
. 1 0 
. 5 0 
. 6 2 
. 80 
. 88 
1 . 06 
1 . 2 2 
1 . 40 
1 . 55 
1 . 7 1 
1 . 90 
2 . 25 
2 . 74 
3 . 07 
3 . 2 6 
3 . 6 0 
4 .  o8· 
4 . 2 3 
4 . 64 
1 6 . 4 2 
18 . 50 
2 0 . 4 0 
2 2 . 10 
2 6 . 3 0 
29 . 40 
33 . 00 
42 . 70 
64 . 10 
97 . 00 
-4 1 0  Rad ians 
F ib er = 1 . 2  
<P 2 
. 10 
. 2 0 
. 2 9 
. 39 
. 4 9 
. 59 
. 6 9 
. 7 8 
. 88 
. 98 
1 . 08 
1 . 18 
1 . 2 7 
1 . 3 7 
1 . 4 7 
1 . 5 7 
1 . 67 
1 . 7 7 
1 . 9 0 
3 . 7 1 
10 . 3 6 
12 . 25 
13 o-54 
18 . 50 
23 . 10 
2 9 . 20 
3 6 . 00 
3 9 . 00 
51 . 80 
7 7 . 65 
* = f ir s t  yield at midd le suppor t 
If = second y ield at midspan 
** = .fa i lure 
HL 9 inc hes 
<P e 
. 1 5 1 . 3 5  
. 3 0 2 . 70 
. 4 9 4 . 40 
1 . 01 9 . 10 
1 . 3 0  11 . 70 
1 . 4 7 13 . 30 
1 . 7 5 1 5 . 8 0 
2 . 00 18 . 00 
2 . 3 0  2 0 . 7 0 
2 .  53 22 . 80 
2 . 7 9 2 5 . 10 
3 . 08 27 . 7 0 
3 . 52 3 1 . 7 0 
4 . 10 3 7 . 00 
4 . 60 4 1 . 4 0 
4 . 8 3 43 . 5 0 
5 . 3 0 4 7 . 7 0 
5 . 90 5 5 . 00 
6 . 13 5 5 . 00 
8 . 3 5* 7 5 . 00* 
2 6 . 8 0 24 1 . 00 
3 0 . 8 0 11  2 7 7 . 0011 
3 4 . 00 3 0 6 . 00 
4 0 . 60 3 65 . 00 
4 9 . 4 0 444 . 00 
58 . 60 528 . 00 
6 9 . 00 621 . 00 
8 1 . 7 0 7 3 5 . 00 
116 . 00 1044 . 00 
174 . 7 0** 1 5 6 6 . 00** 
( 
2 2 0  
Table A . 9  
S train and Curvature at Cr it ical Sections-Method 2 
Main Bar s a 2113  % S teel Fibers • 0 . 0  d - 6 . 56 inches 
Load 
xl0-4 (Kips)  Moment �K-in) uin/ in Steel S trains uin/ in Concrete Strain Curvature 
negative positive negative lef t r ight negative lef t rig ht negat ive lef t r ig ht 
1 . 05 11 . 7  8 . 4  100 30 35 - 40 - 30  - 53 . 21 . 09 . 13 
2 . 10 23 . 4  16 . 8  244 71 79 - 105 - 85 - 125 . 53 . 24 . 31 
3 . 15 35 . 0  25 . 2  509 450 175 - 230 - 180 - 228 1 . 12 . 96 . 61 
4 . 20 46 . 8  33 . 6  790 620 600 - 320 - 314 - 3 09 1 .  7 0  1 . 4 2  1 . 40 
5 . 25 58 . 5  42 . 0  1063 1001 1050 - 480 - 430 - 3 7 5  2 . 40  2 . 20 2 . 20 
6 . 30 70 . 2  50 . 4  1241 1100 1123 - 580 - 557 - 524 2 . 80 2 . 53  2 . 5 0  
7 . 35  81 . 8  58 . 8  1492 1235 1350 - 7 22 - 667  - 654 3 . 40 2 . 90 3 . 10 
8 . 40 93 . 5  67 . 2  1944 1740 1854 - 820 - 7 7 7  - 7 7 1  4 . 20 3 . 80 4 . 00 
9 . 45 105 . 2  75 . 6  2200 2 100 2151 -1020 - 900 - 8 9 2  5 . 00 4 .  5-0 4 . 60 
lQ � SQ 1 105 . 2  84 . 0  2250 2400 -1233 -1059 -1020 5 . 04 5 . 2 0  
11 . 5� 105 . 2  92 . 4  2780 -1710 -1615 -1133 6 . 00 
2 . 60 105 . 2  100 . 8  -2450 -1954 -2202 
13 . 00 105 . 2  104 . 0  -2220 -22 3 5  -2644 
l' ,, 
22 1  
Table A. lO 
S tra in and Curvature at Critical Sec t ions-Method 2 
Ma in Bars • 2 fl3 % S teel Fibers • 0 . 8  d • 5 . 5 6  inches 
Load 
(Kips )  Moment (K-in) � in/ in S teel S trains u in/ in Concrete S trains xl0-4 Curvature 
negat ive positive negative lef t right nega tive left r ig ht negative lef t right 
1 . 05 11 . 7  8 . 4  195 151 . 3  96  - 95 - 83 - 7 1  . 44 . 3 5  . 25 
2 . 10 23 . 4  1 6 . 8  390 303 . 0  192  - 170 - 167 - 142 . 85 . 7 1 . 5 1  
3 . 15 35 . 0  2 5 . 2  590 454 . 0  2 90 - 209 - 250 - 2 1 3  1 . 2 1  1 . 08 . 77 
4 � 20 46 . 8  3 3 . 6  781 605 . 0  382 - 333 - 333 - 285 1.  70 1 . 4 2  1 . 0 1  
5 . 25  58 . 5  42 . 0  932 72 7 . o  472  - 460 - 498 - 445  2 . 20 1 . 90 1 . 40 
6 . 30 70 . 2  50 . 4  1010 870 . 0 . 560 - 587 - 590 - 534 2 . 43 3 . 30 1 .  70 
7 . 3 5  81 . 8  58 . 8  1096 1074 . 0  650 - 701 - 673 - 615 2 . 7 1  2 . 70 1 . 90 
8 . 40 93 . 5  67 . 2  1340 1285 . 0  870 
�� ..I  
- 716  3 . 30 3 . 20 2 . 40 - 823 - 7 65 
9 . 45 105 . 2  7 5 . 6  1630 1517 . 0  1080 - 972  - 850 - 784 4 . 00 3 . 60 2 . 85 
10 . 50 116 . 9  84 . 0  2263 1800 . 0  1403 -1071 - 980 - 902 5 . 10 4 . 30 3 . 50 
11 . 55 116 . 9  92 . 4  2 7 65 2067 . 0  1600 -1170 -1101 - 978 6 . 00 4 . 90 3 . 90 
12 . 60 116 . 9  100 . 8  2226 . 0  1940 -1224 -12 62 -1080 5 . 30 4 . 60 
13 . 13 116 . 9  105 . 0  -12 92 -1532 -1180 
14 . 18 116 . 9  114 . 0  -1330 -131 7  
/'--
/' 
\ Oc ' ' '?<_. '\. '- ,.... ,.._ 
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Table A . 11 
Strain and Curvature at Critical Sec t ions-Method 2 
Main Bars • 2 113  % S teel Fibers • 1 . 2  d • 6 . 56 inches 
Load 
xl0-4 ( Kips) Momen t �K-in2 uin[in Steel Strains u in/ in Concrete S tra ins Curvature 
negative pos it ive n·egative lef t r ig ht negative left rig ht negat ive lef t r ight 
1 . 05 11 . 7  8 . 4  42  121  70 - 10 - 32  - 3 1  . 08 . 23 . 15 
2 . 10 23 . 4  16 . 8  95 230 137 - 50 - 106 - 95 . 22 . 5 1  . 35 
3 . 15 35 . 0  25 . 0  2 7 7  5 2 0  570 - 170 - 209 - 230 . 68 1 . 11 1 . 22 
4 . 20 46 . 8  33 . 6  601 760 890 - 37 7  - 309 - 344 1 . 50 1 . 60 1 . 90 
5 . 25 59 . 0  4 2 . 0  884 1045 1162 - 6H - 415 - 4 57 2 . 30 2 . 2 0  2 . 50  
6 . 30 70 . 0  50 . 3  1164 1330 1486 - 8 7 5  - 510 - ·578 3 . 3 0  2 . 80 3 . 10 
7 . 3 5  82 . 0  59 . 0  1240 1540 1685 -1015 - 604 - 639 3 . 90 3 . 30 3 . 50  
8 . 40 94 . 0  6 7 . 0  1851 1790 1948 -1211  - 7 14 - 742  4 . 7 0  3 . 80 4 . 10 
9 . 45 105 . 0  7 6 . 0  2180 2000 2201 -13 61 - 854 - 848 5 . 40 4 . 40 4 . 60 
10 . 5 0  117 . 0  84 . 0  2590 2265 2520 -1582 -1030 -1002 6 . 40 5 . 00 5 . 4 0  
11 . 55 129 . 0  92 . 4  2 900 2467 27 60 -1697 -1156 -111 5  7 . 00 5 . 50 5 . 90 
12 . 60 129 . 0  101 . 0  2705 2871  -1840 -1528 -12 4 9  6 . 50 6 . 30 
13 . 10 129 . 0  105 . 0  2760 2981 -2086 -18 93 -1908 7 . 10 7 . 50 
13 . 80 129 . 0  1 10 . 4  -3503 -2713 
14 . 20 129 . 0  115 . 6  -4920 -323 9 
I '  •I' 
Table A. l2 
S train and Curvature at Cr it ical Sect ions-Method 2 
Main Bars - 2 114 % S teel Fibers  • 0 . 0  
Load 
(Kips) Moment (K-in) u in/ in S teel S trains u in/ in Concrete S trains 
negative posit ive negative left right negative lef t r ig ht 
1 . 05 11 . 7 8 . 5  75 64  63  - 30 - 24 
2 . 10 23 . 4  17 . 0  290 292  295 - 38 - 44  
3 . 15 3 5 . 0  25 . 0  520 610 580 - 64 - 52 
4 . 2o ·  47 . 0  3 4 . 0  939 864 845 - 74 - 65 
5 . 25 58 . 0  42 . 0  1205 1020 1500 - 155 - 138 
6 . 30 70 . 4  5 0 . 0 1300 1180 1217  - 253  - 210  
7 . 35 82 . 0  59 . 0  1420 1320 133 1  - 320 - 282 
8 . 40 94 . 0  67 . 0  1520 1461 1445 - 424 - 3 54 
9 . 45 105 . 0  7 6 . 0  1650 1590 1600 - 520 - 4 7 0  
10 . 50 117 . 0  84 . 0  1 7 50 1744 1755 - 560 - 520 
11 . 55 129 . 0  92 . 0  1890 1822 1795 - 884 - 810 
12 . 60 140 . 0  101 . 0  2001 19 50 1930 - 920 - 830 
13 . 65 152 . 0  110 . 0  2100 2064 207 5  - 980 - 8 54 
14 . 70 164 . 0  118 . 0  2360 2265 2225 -1050 - 939  
15 . 75 175 . 0  126 . 0  2458 2434 2377  -1080 -1060 
16 . 80 187 . o  135 . 0  2656 " 2564 2530 -1300 -1120 
17 . 85 199 . 0  143 . 0  2845 2675 2639 -1654 -13 50 
18 . 90 2 10 . 0  151 . 0  2785 2745 -2033 -1900 
19 . 9 5  210 . 0  160 . 0  2800 
223 
d • 6 . 5  inches 
-4 
xlO Curvature 
negative lef t right 
. 16 . 13 
. so . 52 
. 90 . 97 
1 . 60 1 . 40 
2 . 10 2 . 52 
2 . 40 2 . 20 
2 . 70 2 . 50 
3 . 00 2 . 80 
3 . 40 3 . 20 
3 . 60 3 . 50 
4 . 11 3 . 90 
4 . 40 4 . 20  
4 . 65 4 . 50 
5 . 30 4 . 90 
5 .4 0  5 . 30 
5 . 90 5 . 60 
6 . 90 6 . 10 
7 . 2 0  
I 
' - ,j, , 
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Table A . l3 
Strain and Curvature at Critical Sect ions-Method 2 
Main Bars - 2#4 % S teel Fibers • 0 . 8  d • 6 . 5  inches 
Load 
xl0-4 (Kips) Moment (K-in) uin/ in Steel S tra ins uin/ in Concrete S trains Curvature 
negative posi tive negative left right negative lef t r ig ht negative lef t r ight 
1 . 05 11 . 7  8 . 5  33 45 62 - 10 - 31 - 7 2  . 07 . 11 . 2  
2 . 10 23 . 4  17 . 0  52 78 132 - 40 - 101 - 161 . 14 . 28 . 5  
3 . 15 3 5 . 0  2 5 . 0  163 169 305 - 115 - 185 - 268 . 42 . so . 9  
4 . 20 47 . 0  34 . 0  451 243 430 - 230 - 266 - 380 1 . 04 . 80 1 . 2  
5 . 25 58 . o  42 . 0  648 329 570 - 310 - 325 - 47 7  1 . 47 1 . 00 1 . 6  
6 . 30 70 . 4  50 . 0  825 495 745 - 425 - 402 - 590  1 . 90 1 . 40 2 . 1 
7 . 35 82 . 0  5 9 . 0  900 679 880 - 530 - 487 - 690 2 . 20  1 . 80 2 . 4  
8 . 40 94 . 0  67 . 0  1110 804 1054 - 700 - 574 - 8 1 3  2 . 80 2 . 10 2 . 9 
9 . 45 105 . 0  7 6 . 0  1240 950 1190 - 810 - 645 - 903 3 . 20 2 . 50 3 . 2  
10 . 50 117 . 0  84 . 0  1347 107 5 1300 - 850 - 706 -1014 3 . 40 2 . 80 3 . 6  
11 . 55 129 . 0  92 . 0  1550 1230  1480 - 950 - 826  -11 3 0  3 . 90 3 . 10 4 . 0  
12 . 60 140 . 0  101 . 0  1650 1430 1604 -1100 - 909 -1257  4 . 30 3 . 60 4 . 4  
13 . 65 152 . 0  110 . 0  1750 1520 1725 -12 00 -1002 -1359  4 . 50 3 . 90 4 . 7  
14 . 70 164 . 0  118 . 0  1825 1650 1850 -1420 -1073 -1455  5 . 00 4 . 20 5 . 1  
15 . 75 175 . 0  126 . 0  1920 1843 2000 -1564 -1158 -1550 5 . 40 4 . 60 5 . 5  
16 . 80 187 . 0  135 . 0  2150 1940 2 140 -1700 -12 3 9  -1687 5 . 90 4 . 90 5 . 9  
17 . 85 199 . 0  143 . 0  2590 2030 24 60 -1802 -1330 -17 9 5  6 . 80 5 . 20 6 . 5  
18 . 90 210 . 0  1 51 . 0  2640 2150 2530 -1900 -14 2 2  -2023 7 . 00 5 . 50 7 . 0 
19 . 9 5 222 . 0  160 . 0  2720 2300 2670 -2200 -1515 -251 7  7 . 6 0  5 . 90 8 . 0  
21 . 00 222 . 0  168 . 0  2410 2705 -3100 -1665 -1607 6 . 30 6 . 6  
22 . 00 222 . 0  180 . 0  -4200 -1956 - 607 
22 . 00 222 . 0  180 . 0  -5573 -2608 - 9 0  
22 . 00 222 . 0  180 . 0  -5800 -3471  - 1 54 
2 2 5  
Table A . 14 
Strain and Curvature at Crit ical Sect ions-Method 2 




Curvature (Kips)  Moment (K-in)  l.l in/ in S teel S trains 1.1in/ in Conc rete Strains 
negat ive po sit ive negative left right negative left r ig ht neg a t ive lef t right 
1 . 05 11 . 7  8 . 5  + 6 95 132 9 30 . 002 . 2  
2 . 10 23 . 4  17 . 5  16 225 280 14 7 0  . 050 .5 
3 . 15 3 5 . 0  25 . 0  25  335  408 - 35 - 167 . 100 . 9  
4 . 2 0 4 7 . 0  34 . 0  37 445 520 70 - 2 5 6  . 160 1 . 2  
5 . 25 58 . 0  4 2 . 0 77  645 725  - 103 - 327  . 2 70 1 . 6  
6 . 30 7 0 . 0  50 . 0  106 870 993 - 229  - 495 . 500 2 . 3 
7 . 3 5 82 . 0  59 . 0  394 1190 1220  - 484  - 716  1 . 400 3 . 0  
8 . 40 94 . 0  6 7 . 0  624 1180 1125 - 710 - 970 2 . 100 3 .2 
9 . 45 105 . 0  7 6 . 0  495 1360 1340 -1023 -131 6  2 . 300 4 . 1  
10 . 50 117 . o  8 4 . 0  446 152 5 1490 -1400 -1500 2 . 800 4 . 6  
11 . 55 129 . 0 92 . 0  320 -1700 -1620 3 . 100 
12 . 60 140 . 0  101 . 0  
2 2 6  
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Table A . l5 
S train and Curvature at Crit ical Sections-Method 2 
Main Bars s 2 (;5 % Steel Fibers � 0 . 0  d • 6 . 44 inches 
Load 
xlo-4 ( Kips) Moment ( K-in) � in/ in Steel Strains � in/ in Concrete S trains Curvature 
negat iv e  po sitive negat ive left right negative left r ight nega t ive lef t r ig ht 
1 . 05 11 . 7  8 . 4  109 115 126 - 92 - 8 6  - 3 1  . 3  . 3  . 2  
2 . 10 23 . 4  16 . 8  150 202 276 - 184 - 112 - 65  . 5  . 5  . 5  
3 . 15 35. 0 25 . 2  380 442 345 - 276 - 138 - 9 7  1 . 0  . 9  . 7  
4 . 20 4 6 . 8  33 . 0  490 562 445 - 3 68 - 164 - 128 1 . 3  1 . 1  . 9  
5 . 25 59 . 0  42 . 0  580 656 570 - 460 - 190 . - 160 1 . 6  1 . 3  1 . 1  
6 . 30 70 . 0  50 . 0  680 7 39 58 5 - 552 - 2 18 - 186 1 . 9  1 . 4  1 . 2  
7 . 35 82 . 0  59 . 0 ' 782 840 606 - 644 - 255 - 204  2 . 2  1 . 7 1 . 3  
8 . 40 94 . 0  67 . 0  1010 1021 950 - 736 - 338 - 3 3 0  2 . 7  2 . 1  2 . 0  
9 . 45 105 . 0  7 6 . 0  1022 1151 1100 - 828 - 548 - 540  2 . 9  2 . 6  2 . 5  
10 . 50 117 . o  84 . 0  1039 1160 1244 - 920 - 650 - 610 3 . 0  2 . 8  2 . 9  
11 . 55 129 . 0  92 . 4  1220 12 70 1323 -1012 - 785 - 7 4 0  3 . 5  3 . 3  3 . 4 
12 . 60 140 . 0  101 . 0  1340 1320 1430 -1100 - 923 - 900 3 . 8  3 . 5  3 . 6  
13 . 65 152 . 0  110 . 0  1665 1521 5141 -1290 - 961 - 940 4 . 6 3 . 8 3 . 9  
14 . 70 164 . 0  118 . 0  1810 1706 1711 -1400 - 999 -1080 5 . 0  4 . 2  4 . 3  
15 . 75 175 . 0  126 . 0  1890 1806 1872 -1410 -1035 -1160 5 . 1 4- . 6  4•. 7 
16 . 80 187 . 0  135 . 0  2030 1910 1996 -1410 -1135 -1180 5 . 3  4 . 7  4 . 9 
17 . 85 199 . 0  143 . 0  2200 2013 2125 -1431 -1320  -1200 5 . 6  5 . 2  5 . 2  
18 . 90 2 10 . 0  152 . 0  2430 2 195 2320 -1452 -1343 -1240 6 . 0  5 . 5  5 . 5  
19 . 95 222 . 0  160 . 0  2545 2307 2420 -1625 -1580 -1450  6 . 5 6 . 0  6 . 0  
21 . 00 222 . 0  168 . 0  2330 2551 -1745 -22 3 5  -194 7 7 . 1  7 . 0  
22 . 00 222 . 0  176 . 0  2406 2636 -2775  -2345 8 . 0  7 . 7  
23 . 00 222 . 0  185 . 0  -
2 2 7  
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Table A . l6 
S train and Curvature at Critical S ec tions-Method 2 
Main Bars - 2115 % S teel F ibers • 0 . 8  d - 6 . 44 inches 
Load 
(Kips ) �CID!i:Dt (K-in} �1niin St��l Sktain� 1:! i.!!L in Consa:ete S trains xl0-4 Curvature 
negative positive negative lef t right negative lef t r ight negat ive left right 
1 . 05 11 . 7  8 . 4  88 24 38 - 28 - 53 - 50 . 2  . 1  . 13 
2 . 10 23 . 4  17 . 0  17 6 81 131 - 78 - 119 - 125 . 4  . 3  . 3 9  
3 . 15 35 . 0  2 5 . 0  264 145 23
.9 - 145 - 166 - 18 6 . 6  . 4  . 70 
4 . 20 47 . 0  33 . 0  352  262 348 - 290 - 239  - 266  1 . 0  . 8  . 95 
5 . 25 59 . 0  42 . 0  440 361  444 - 375  - 300 - 300 1 . 3  1 . 0  1 . 20 
6 . 30 7 0 . 0 50 . 0  528 450 541 - 510 - 400 - 3 7 5  1 . 6  1 . 3 1 . 40 
7 . 3 5  82 . 0  59 . 0  616 510 637 - 590 - 440 - 420 1 . 9  1 . 4  1 . 60 
8 . 40 94 . 0 67 . 0  704 650 750 - 790 - 522  - 503 2 . 3  1 . 8  1 . 90 
9 . 45 105 . 0  76 . 0  792 734 830 - 905 - 58 5 - 550 2 . 6  2 . 0  2 . 10 
10 . 50 117 . o  84 . 0  888 815 913 -1080 - 666 - 605 3 . 1  2 . 2  2 . 40 
11 . 55 129 . 0  92 . 0  970 905 1022 -1220 - 750  - 665  3 . 4  2 . 4  2 . 60 
12 . 60 140 . 0  101 . 0  1035 995 1114 -1425 - 842 - 7 40 3 . 8  2 . 7  2 . 90 
13 . 65 152 . 0  110 . 0  1102 1110 1244 -1600 - 947 - 804 4 . 2  3 . 2  3 . 20  
14 . 70 164 . 0  118 . 0  1210 120 1 1344 -1800 -1039 - 882 4 . 7  3 . 5  3 . 50 
15 . 75 175 . 0  126 . 0  1360 1290 1457 -2000 -114 5 - 950 5 . 2  3 . 8  3 . 70  
16 . 80 187 . 0  135 . 0  1450 1365 1560 -2170 -1230 -1018 5 . 6  4 . 0  4 . 00 
17 . 85 199 . 0  143 . 0  1527  1409 1677 -2390 -1348 :-1094 6 . 1  4 . 3  4 . 3 0  
18 . 90 2 10 . 0  152 . 0  1610 1510 1999 -2595 -1441 -1168 6 . 5  4 . 6  4 . 90 
19 . 95 222 . 0  160 . 0  1750 1614 1900 -2792 -1552 -12 44 7 . 1  4 . 9  4 . 90 
21 . 00 2l3 . 0 168 . 0  1905 1710 2033 -3010 -1680 -13 31 7 . 6  5 . '3  5 . 20  
22 . 00 233 . 0  176 . 0  2200 1760 2160 -3350 -2360 -1438 8 . 6  6 -:- 3  5 . 60 
23 . 00 233 . 0  185 . 0  1800 2148 -4142 -3 760 -2090 8 . 6  6 . 60 
24 . 00 233 . 0  205 . 0  1810 2150 -4450 -3200 -2300 7 . 8  6 . 90 
24 . 00 233 . 0  205 . 0  1822 2160 -4720 -3066 -2428 7 . 6  7 . 10 
24 . 00 233 . 0  205 . 0  2184 -5040 -2830 -2590 7 . 40 
24 . 00 233 . 0  205 . 0  2200 -5364 -2670 -28 3 2  7 . 80 
24 . 00 233 . 0  205 . 0  2200 -5610 -2256 -3553 8 . 90 
228 
Table A . l7 
S train and Curvature at Critical Sect ions-Method 2 
Ma in Bars ,. 2115 % Steel Fibers • 1 . 2  d - 6 . 44 inches 
Load 
xl0-4 Curvature (Kips) Moment (K- in) � in/ in S teel S trains � in/ in Concrete S trains 
negative po s it ive negative lef t  r ig ht negative left right negative left right 
1 . 05 11 . 7  8 . 4  30 45 49 - 2 6  - 59  - 48 . 09 . 2  . 2  
2 . 10 23 . 0  17 . 0  59 89 97 - 51 - 118 - 96 . 17 . 3  . 3  
3 . 15 3 5 . 0  2 5 . 0  170 191 171 - 127 - 225  - 176  . so . 6  . 5  
4 . 20 47 . 0  33 . 0  280 293 244 - 202 - 333 - 256  . 70 1 . 0  . 8  
5 . 25 59 . 0  4 2 . 0  385 388 372 - 306 - 439 - 3 3 5  1 . 10 1 . 3  1 . 1  
6 . 30 7 0 . 0  50 . 0  490 482 499 - 410 - 544 - 414 1 . 40 1 . 6  1 . 4  
7 . 35 82 . 0  59 . 0  585 581 604 - 573 - 654 - 489 1 . 80 1 . 9  1 . 7  
8 . 40 94 . 0  67 . 0  680 681 709 - 735  - 7 64 - 563 2 . 20 2 . 2  2 : o 
9 . 45 105 . 0  7 6 . 0  790 775  807 - 891 - 879 - 653 2 . 60 2 . 6 2 . 3  
10 . 50 117 . 0  84 . 0  891 871 905 -1047 - 994 - 7 4 2  3 . 00 2 . 9  2 . 6  
11 . 55 129 . 0  92 . 0  990 965 996 -1196 -1101 - 822  3 . 40 3 . 2  2 . 8 
12 . 60 140 . 0  101 . 0  1099 1056 1087 -1345 -1209 - 902 3 . 80 3 . 5 3 . 1 
13 . 65 152 . 0  110 . 0  1197 1159 1185 -1517 -1342 -1000 4 . 2 0  3 . 9  3 . 4 
14 . 70 164 . 0  118 . 0  1295 1262 1283 -1688 -1474 -1098 4 . 60 4 . 2  3 . 7  
15 . 75 1 75 . 0  126 . 0  1385 1355 137 7  -1840 -1600 -1203 5 . 00 4 . 6  4 . 0  
16 . 80 187 . 0  135 . 0  1475 1456 1470 -1990 -1726 -1308 5 . 4 0  4 . 9  4 . 3  
17 . 85 199 . 0  143 . 0  1493 1571 157 0  -2160 -1855 -141 6  5 . 7 0  5 . 3 4 . 6  
18 . 90 2 10 . 0  152 . 0  1789 1715 1678 -2200 -2022 -1555 6 . 2 0  5 . 8  5 . 0  
19 . 95 222 . 0  160 . 0  1872 1790 1783 -2267 -2155 -1680 6 . 40 6 . 1  5 . 4  
21 . 00 233 . 0  168 . 9  1922 1885 1867 -2501 -2440 -1846 6 . 90 6 . 7  5 . 8  
22 . 00 233 . 0  176 . 0  2 140 1939 1893 -3200 -3690 -2590 8.  0 8 . 7  7 . 0 
22 . 00 23 3 . 0  185 . 0  2018 1985 -3900 -4928 -3400 9 . 4  8 . 4 
22 . 00 23 3 . 0  18"5 . 0  2040 -4200 -3956 -3400 9 . 3  
22 . 00 233 . 0  185 . 0  -4800 -42 21 -4308 
2 2 9  
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Table A . l8 
Strain and Curvature at Critical S ec tions-Method 2 
Ma in Bars a 2116 and 2 113 7. Steel Fibers • 0 . 8  d • 6 . 4  inches 
Load 
xl0-4 (Kips) Moment (K-in)  J.l in/ in S t eel S trains JJ in/ in Concrete S trains Curvature 
negative po sitive negat ive lef t r ight negative lef t  right nega t ive lef t rig ht 
2 . 1  23 . 4  17 181 256  282 - 163 - 65 - 145 . 5  . 5  . 7  
4 . 2  4 7 . 0 33 2 90 406 438 - 3 2 7  - 129 - 295 1 . 0  . 8  1 . 1  
6 . 3  7 0 . 0 50 425 547 577 - 490 - 194 - 443 1 . 4  1 . 2  1 . 6  
8 . 4  94 . 0  6 7  6 5 1  7 3 9  805 - 653 - 260 - 590 2 . 0  1 . 6  2 . 2  
10 . 5  117 . 0  84  854 923  1005 - 816 - 324 - 737 2 . 6  2 . 6  2 . 7  
12 . 6  140 . 0  100 1030 1080 1162 - 980 - 390 - 8 83 3 . 1  2 . 3  3 . 2  
14 . 7  163 . 6  118 1330  127 5  137 6  -1130 - 452 -1035 3 . 8 2 . 7  3 . 8 
16 . 8  187 . 0  134 1450 1390 1494 -1317 - 615 -1185 4 . 3  3 . 1  4 . 2  
18 . 9 2 10 . 0  151 1580 1543 1653 -1492 - 780 -13 14 4 . 8 3 . 6  4 . 6  
21 . 0  233 . 0  168 . 1690 1675 1799 - 1709 - 950 -1465 5 . 3  4 . 1  5 . 1  
22 . 0  2 45 . 0  17 6 1840 1807 1924 -1834 -109 1 -1587  5 . 7  4 . 5 5 . 5  
23 . 0  256 . 0  184 1901 1847 1981 -1904 -1171 -1674  5 . 9  4 . 7  5 . 7  
24 . 0  267 . 0  192 1981 1926 2063 -1985 -1283 -1778 6 . 2  5 . 0  6 . 0  
25 . 0  278 . 0  200 2061 2000 2130 -2036 -137 6  -1855  6 . 4 5 . 3 6 . 2  
26 . 0  290 . 0  2 08 212 6 2048 2 185 -2080 -1448 -1920 6 . 6  5 . 5  6 . 4  
27 . 0 300 . 0  2 16 2218 2104 2256 -2158 -1542 -2023 6 . 8  5 . 7  6 . 7  
28 . 0  311 . 0  224  2290  2120 2343 -2238 -1680 -2145 7 . 1  5 . 9  7 . 0 
29 . 0  323 . 0  232  2340 2293 2440 -23 25 -1900 -2247 7 . 3 6 . 6  7 . 3 
3 0 . 0 334 . 0  240 2440 2490 2353 -2 560 -2100 -2512 7 . 8  7 . 2 7 . 6  
32 . 0  356 . 0  256  2590 2503 2585 -2670 -22 01 -2564 8 . 2  7 . 4  8 . 0  
33 . 0  367 . 0  2 64 2805 2 7 19 2734 -2803 -2510 -27 73  8 . 8  8 . 2  8 . 6  
APPENDIX B 
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Table B . l  
D if £  erent ial Level Read ings ( inc hes) xl0-3 
Ma in Re inforcement 2 #3 
0% S t eel F ib er s  0 . 8  % S t eel F ib er s  1 . 2 % S t eel F iber s 
Load S ec t ion S ec t ion S ec t ion 
(Kips ) 1 2 3 4 1 2 3 4 1 2 3 4 
0 . 0  0 0 . 0  0 0 . 0  0 0 0 0 0 0 0 0 
2 . 1 20  12 . 5  8 12 . 5  25  12 12 29  21  16  1 2  2 5  
4 . 2 4 1  2 1 . 0  2 5  2 9 . 0  4 6  3 8  3 3  5 0  41  2 9  2 9  3 3  
6 . 3  6 6  41 . 0  3 8  5 0 . 0  54 50 41 58 58 54 45 58 
8 . 4  88  5 8 . 0  58 7 5 . 0  6 7  6 3  54 9 5  7 9  6 3  5 4  7 9  
10 . 5  2 08 12 5 . 0  108 138 . 0  8 3  7 9  9 1  1 12 100 7 1  7 5  100 
1 1 . 5 5 2 9 1  1 63 . 0  1 7 5  242 . 0  125  92 100 12 9 14 6 12 0 145 2 2 5  
12 . 6 0 5 5 8  2 7 5 . 0  1 9 6  3 13 . 0  188 12 1 116  163  2 3 3  1 6 3  188  296  
14 . 7 0 2 9 1  1 7 9  1 2 9  1 8 8  2 6 2 1 95 2 2 9  3 6 6  
15 . 5 0  3 8 0  208 2 12 3 1 2  3 16 2 04 3 2 9  515  
1 6 . 00 5 13 3 04 2 7 5  4 3 3  4 7 9  3 04 404 6 7 5  
1 6 . 8 0 132 3 8 3 3  44 5 6 08 9 7 0  4 7 3  5 3 3  1C7 9 
2 3 2  
/ 
Table B . 2  
Diff erent ial Level Read in�s ( inche s )  xl0
....:3 
Ma in Reinforcement 2 #4 
0% S t eel F ibers 0 . 8 5 S t eel F iber s 1 . 2 % S teel F iber s  
Load Sect ion S ec tion S ec t ion 
(Kips)  1 2 3 4 1 2 3 4 1 2 3 4 
0 . 00 0 0 0 0 0 0 0 . 0  0 0 0 0 0 
2 . 10 1 6  8 8 2 0  16  8 12 : 0  1 6  8 4 4 8 
4 . 20 25  25  33  45  2 1  1 2  29 . 0  3 7  2 5  1 6  2 0  2 9  
6 . 3 0 so 38 63 7 0  3 3  2 5  4 6 . 0  5 8  3 3  2 9  3 7  4 5  
8 . 4 0  6 6  4 1  6 6  100 45 37 54 . 0  6 3  4 5  3 8  4 5  54 
10 . 5 0 7 9  5 0  8 3  104 63 46  6 3 . 0  7 5  6 3  5 4  6 3  7 5  
12 . 60 100 66  91  " 108 7 5  54  83 . 0  100  108  87  7 5  9 6  
14 . 7 0 104  6 6  9 5  112 9 1  66  9 6 � 0  1 1 7  
16 . 80 1 2 5  8 3  1 0 4  13 3 104 83 1 12 . 5  1 3 4  
18 . 90 154 104 1 16 14 5 121 9 5 125 . 0  1 5 8  
19 . 9 5 3 2 9  1 1 6  125  2 04 137 129 2 12 . 0  288  
2 1 . 00 171  13 3 2 2 5 . 0  3 17 
22 . 00 225  16 6 3 1 6 . 0  413 
2 3 . 00 3 66 250  3 8 3 . 0  5 00 
2 4 . 10 4 5 0  3 1 2  4 54 . 0  646 
2 5 . 00 5 00 3 3 3  513 9 7 9 
2 3 3  
Tabl e  B . 3 
D if f erent ial Level Read ings ( inche s ) xlo-3 
Main Reinforc ement 2 #5 
0% S teel F iber s 0 . 8% S teel F iber s  1 . 2% S t eel F iber s 
Load S ec t ion S ec t ion S ec t ion 
(Kip s )  1 2 3 4 1 2 3 4 1 2 3 4 
0 . 00 0 0 . 0  0 0 0 0 0 0 0 0 0 0 . 0  
2 . 10 2 0  12 . 5  13  21  16 8 8 13 8 . 4 6 16 . 0  
4 . 20 4 5  25 . 0  2 5  2 9  3 3  29 2 0  2 5  4 6  2 1  . 2 0  2 9 . 0  
6 . 3 0 54  33 . 0  3 8  5 0  4 1  3 3  38  4 6  5 4  3 3  2 9  50 . 0  
8 . 40 6 3  41 .. 0 50 58 54 41 41 50  7 9  38 3 8  62 . 5  
10 . 5 0 7 5  5 8 . 0  6 6  6 6  7 9  54 50 63 8 7  3 8  5 0  7 5 . 0  
1 2 . 6 0 8 3  7 5 . 0  88 88 83 67 63 7 1  9 6 5 0  5 4  88 . 0  
1 4 . 7 0 8 8  7 9 . 0 88 96 9 6  7 1  7 5  8 8  1 04 54 66 100 . 0  
16 . 80 9 2  8 3 . 0  9 1  9 6  108 79 7 9  9 6  12 1 54 7 5  116 . 0  
18 . 90 12 9 113 � 0 100 116 12 1 87  8 7  1 1 3  12 9 58  7 5  1 2 5 . 0 
1 9 . 9 5 1 7 5  154 . 0  125 14 2 12 5 9 1  9 5  12 5 14 6 9 1  8 3  133 . 0 
2 1 . 00 2 2 5  188 . 0  150  180 13 3 100 100 12 9 1 6 3  9 2  12 5 15 0 . 0 
2 2 . 00 2 50 192 . 0  158 2 13 145 108 105 14 5 2 62 116  229  283 . 0 
2 3 . 1 0 3 4 8  2 13 . 0  163 4 00 2 08 1 6 6  12 9 1 7 5  3 7 5  2 1 6  3 1 6  412 . 0 
24 . 1 5 383 3 3 0  16 7  2 4 6  67 1 408 4 58 7 50 . 0  
2 5 . 2 0 7 2 1  354 2 66 3 3 0  1 02 0 5 7 5  5 13 9 63 . 0  
2 3 4  
,. 
Table B . 4  
Ac tual Def lec t ions xlO -3 inches 
Ma in Bar s 2 11 3  
Load 0% F ib er 0 . 8% F iber 1 . 2 %  Fiber 
(Kips )  lef t r ight averag e lef t r ight average l ef t r ight average 
1 . 05 7 . 0  8 8 9 9 9 8 8 8 
2 . 10 1 2 . 5  14 1 3  1 6  15  1 5  1 6  16 16  
3 . 15 2 3 . 0  2 0  2 2  2 5  2 3  2 4  2 4  2 6  2 5  
4 . 2 0 3 2 . 0  2 9  3 0  34  3 2  3 3  3 2  3 6  3 4  
5 . 2 5 4 3 . 0  3 7  4 0 4 3  4 0  42  4 1  ' 4 5 4 3  
6 . 3 0 5 3 . 0  4 7  ;;o 56  52 54 50 5 6  �3 
7 . 3 5 6 3 . 0  5 8  6 0  6 3  58 6o 58  66  62  
8 . 4 0 7 5 . 0  6 6  7 0  73 68 7 0  7 0  7 7  7 4  
9 . 4 5 _?5 . 0  8 0  � 3  8 2  7 8  8 0  7 9  88 8 3  
10 . 5 0  105 . 0  92  9 9  9 3  88  90  9 1  101 9 6  
1 1 . 55 13 3 . o  12 5 13 0 104 98 101  1 0 3  115  109 
1 2 . 60 43 8 . 0  493  466 12 1 1 1 6  1 1 9  13 1 1 5 6  144 
1 3 . 65 154 1 2 1  1 3 8  1 9 1 2 04 198  
1 4 . 7 0 2 8 3  13 8 2 10 2 7 5  42 0 34 7  
1 5 . 7 5 3 6 5  1 7 7  2 6 9  5 1 3  802  6 4 5  
1 6 . 80 1358 548 953 9 2 7 112 1 1024 
17 . 8 5 
18 . 90 
1 9 . 9 5  
2 1 . 0 0 .. 
22 . 0 5 
2 3 . 10 
24 . 15 
2 5 . 2 0 
235  
Table B . 5  
Ac tual Def lec t ions xlo-3 inches 
Ma in Bar 2 114 
Lo ad s 0% F iber 0 . 8% F iber 1 . 2% F iber 
(Kips) lef t r ight average lef t r ight average l ef t r ig ht averag e 
1 . 05 7 8 7 8 8 8 9 9 9 
2 . 10 11  14  13  15 17 16  17 16 16 
3 . 1 5 18 22 20 2 2  2 4  2 3  2 4 2 3  2 3  
4 . 2 0 2 4  2 9  2 5  30 31 3 1  2 8  2 8  2 8  
5 . 25 3 1  3 5  3 3  3 3  3 6  3 5  3 4  3 4  34  
6 .  30  38 42 40  38  43  ·4 0 3 9  4 1  40 
7 . 3 5 4 3  48  45  43 50 47 4 7  48  4 7  
8 . 4 0 4 9  5 4  5 2  4 6  5 7  5 1  5 5  5 7  5 6  
9 . 4 5 5 5  6 2  58 6 0  60 60 6 3  6 5  64  
10 . 5 0 6 1  6 9  6 5  7 0  7 0  7 0  7 2  7 4  7 3  
11 . 55 7 3  7 5  7 4  7 8  8 0  7 9  8 2  8 2  8 2  
12 . 60 7 8  81 7 9  85  88 8 7  1 17 1 0 1  109 
13 . 65 8 5  8 9  8 7  9·0 9 6  9� 
14 . 7 0 9 6  98 9 7  98 104 1 0 1  
15 . 7 5 102 lQ_� 103 104 112 1 08 
1 6 . 80 113 114  113  113 123  118  
17 . 8 5 123 124 123 12 0 132  1 2 6 
18 . 9 0 142  14 0 14 1 128 144 13 6 
19 . 9 5 3 19 3 0 0  3 10 18 3 198  19 0 
2 1 . 00 2 3 3  2 7 5  2 5 4  
2 2 . 0 5 2 48 3 68 3 08 
2 3 . 10 2 68 4 04 3 85 
2 4 . 15 4 50 4 54 4 5 2  
2 5 . 2 0 658  657  657  
2 3 6  
Table B . 6  
Actual Def lec t ions x1o-3 inches 
Ma in Bar s 2 1!5 
Load 0% F ibers 0 . 8% F ibers 1 . 2% F iber s  
(Kip s)  lef t r ig ht average lef t r ig ht average lef t r ight average 
1 . 05 8 8 8 8 8 8 7 9 8 
2 . 10 17 17 17 15 16 1 6  14  18 1 6  
3 . 15 24 23 2 3  2 1  2 3  2 2  2 3  25  2 4  
4 . 20 2 9  2 8  2 8  2 8  2 9  2 8  3 1  3 3  3 2  
5 . 25 3 5  3 3  3 4  3 3  3 5  3 4  3 7  3 9  3 8  
6 . 30 4 1  4 0  4 0  3 8  4 1  3 9  4 3  4 5  4 4  
7 . 35 4 6  4 5  4 5  4 3  48 4 5  4 9  5 2  5 1  
8 . 40 53  5 0  5 1  4 8  5 2  s o  5 4  58 5 6  
9 . 4 5 5 9  5 8  5 8  5 3  5 7  55  6 1  64 62  
10 . 5 0  6 7  67 67 6 1  6 4  6 2  6 6  68  6 7  
1 1 . 5 5 7 4  74 JA_ 6 5 6 9  67 6 9  7 3  7 1  
1 2 . 60 82 7 9  8 1  73 7 7  7 5  7 7  82 80  
13 . 65 8 7  8 4  8 5  7 9  8 3  8 1  8 5  88 8 6  
14 . 7 0 9 6  92 9 4  8 6  9 0  ' 88 9 0  9 4  9 2  
1 5 . 7 5 103 99 101 9 1  9 5  9_ 3_ 9 9  10;1. JJ20 
1 6 . 80 114 108 111 9 8  1 0 3  1 0 1  1 03 106 104 
17 . 85 1 20 113 116 104 108 106. 113 116 115 
1 8 . 90 13 0 1 2 2  1 2 6  113 102 1 0 7  12 1 12 3 12 2 
1 9 . 95 1 5 0  12 9 140 120 122  121  12 9 132  1 3 1  
2 1 . 00 18 6 138 1 62 12 8 130  12 9 13 6 140  13 8 
2 2 . 05 2 3 3  1 7 0  2 01 142 136 142 2 7 3  2 78 2 76 
2 3 . 10 5 2 2  4 1 4  4 6 9  1 7 8  148 163 354 389 3 7 2  
2 4 . 15 3 63 2 2 0  2 9 2  6 7 J. 4 7 5  5 7 3  
2 5 . 2 0 74 1 610 6 7 6  13 0 0  9 53 112 6  
2 3 7  
Table B . 7  
Curva tur e and Def lec t ion of  2 # 6  and 2 1! 3  . SF 
ct> = ct> l + ct>2 < ct> at  m iddle support ) 
Curva tur e 10 -4 Def lec t ion xlo-3 
Load Moment ef> l cf> 2 
(Kip s) ( K ip- in) lef t s ide r ight cp t o ta l  t:, l ef t  11 r ig ht t:, ave .  
1 . 05 11 . 7  . 4 9 . 63 1 . 12 14 1 6  15 
2 . 1 0 2 3 . 0  . 51 . 7 2 1 . 2 3 3 2  3 4  3 3  
3 . 1 5 3 5 . 0  . 55 . 7 6 1 . 3 1 4 6  4 8  4 7  
4 . 2 0 4 7 . 0  . 61 . 84 1 . 4 5 5 8  6 2  60  
5 . 2 5 58 . 0  . 7 4 1 . 00 1 . 7 4 7 0  7 5  7 3  
6 . 3 0 7 0 . 0  1 . 2 1 1 . 3 3 2 . 54 8 2  9 0  8 6  
7 . 3 5 8 2 . 0  1 . 3 3 1 . 3 7 2 . 7 0 9 2  100 9 6  
8 . 4 0 94 . 0  1 . 5 6 1 . 7 8 3 . 34 1 0 5  1 1 5  110 
9 . 4 5 1 05 . 0  1 . 6 6 1 . 8 6 3 . 52 1 1 5  1 2 0  118 
1 0 . 50 1 17 . 0  1 . 7 6 2 . 1 9 3 . 9 5 1 2 9  141 13 5 
11 . 5 5 1 2 9 . 0  1 . 95 2 . 2 9  4 . 24 1 4 0  1 5 1  1 4 5  
12 . 60 14 0 . 0 2 . 1 1 2 . 58 4 ., 6 9  1 5 1  1 7 2 160  
1 3 . 6 5  1 5 2 . 0  2 . 3 4 2 . 7 7  5 . 11 1 6 2  18 5 1 7 3  
14 . 7 0 1 64 . 0  2 . 3 8 2 . 81 5 . 2 0 17 9 205  1 9 2  
1 5 . 7 5 1 7 5 . 0  2 . 61 3 . 09 5 . 7 0 18-8 2 1 5  2 0 2  
1 6 . 8 0 1 8 7 . 0  2 . 93 3 . 13 6 . 06 2 00 2 3 0  2 1 5  
17 . 8 5 1 9 9 . 0  3 . 13 3 . 28 6 . 41 2 14 2 5 0  2 3 2  
18 . 90 2 10 . 0  3 . 3 4 3 . 54 6 . 88  2 2 5  2 6 4  2 4 5  
1 9 . 9 5  2 2 2 . 0  3 . 4 8  3 . 66 7 . 14 2 3 5  2 7 5  2 5 5  
21 . 00 2 34 . 0  3 . 7 1 3 . 7 7 7 . 4 8 2 5 0  2 9 0  2 7 0  
2 2 . 00 2 45 . 0  4 . 04 3 . 85 7 . 90 2 61 3 08 285  
2 3 . 00 2 5 6 . 0  4 . 51 3 . 9 5 8 . 50 2 7 3  3 2 0  297  
24 . 00 2 6 7 . 0  4 . 5 7  4 . 11 8 . 7 0 2 8 4  3 3 5  3 1 0  
2 5 . 00 2 7 8 . 0  4 . 88 4 . 2 8 9 . 16 3 00 3 54 3 27 
2 6 . 00 2 8 9 . 0  5 . 2 5 4 . 3 4 9 . 60 3 1 6  3 74 3 4 5  
2 7 . 00 3 01 . 0  5 . 2 7 4 . 4 6 9 . 73 3 2 8  3 9 2  3 60 
2 8 . 00 3 12 . 0  5 . 4 7  4 . 58 1 0 . 05 3 4 0  4 0 5  3 7 2  
2 9 . 0 0 3 2 3 . 0  5 . 8 6 4 . 63 1 0 . 5 0 3 66 4 4 1  404 
3 0 . 00 3 34 . 0  6 . 11 4 . 85  1 0 . 9 6 3 8 6  4 6 5  426  
3 1 . 00 3 4 5 . 0  6 . 2 5 4 . 8 9 1 1 . 14 4 0 0  4 8 0  440  
3 2 . 00 3 5 6 . 0  7 . 24 5 . 02 12 . 3 0 4 61 5 7 2 517 
3 3 . 00 3 6 7 . 0  8 . 3 4 5 . 55 13 . 90 4 9 5  6 7 0 583 
33 . 00 3 6 7 . 0  9 . 9 2 5 . 55 15 . 4 7  5 1 2  7 5 0  631 
APPENDIX C 
Ma in Bars = 2 11 3  \ 
Load P/Pu 
(Kips )  Rat io 1 2 3 4 5 
o . oo 0 . 00 0 0 0 0 0 
2 . 10 0 . 1 7 0 3 9 0 2 
4 . 2 0 0 . 3 3 0 0 4 2 1 
6 . 30 0 . 5 0 - - - 67 -
8 . 40 0 . 67 - - - 134 -
10 . 50 0 . 83 - - - 136  -
11 . 55 0 . 91 - - - 182 -
12 . 6 0 1 . 00 - - - 117 0 -
Table  C . l  
Crack Read ings at  Negat ive S ec t ion 
% S teel F ibers = 0 . 0  
All r ead ings are in lo-4 inches 
Interval 
6 7 8 9 10 11  1 2  13 14 15  
0 0 0 0 0 0 0 0 0 0 
0 4 0 2 0 18 23  0 0 0 
8 10 0 - - 45 48 - . - -
30 3 9 - - - 12 7 1 2 0  - - -
38 3 9  - - - 203 200 - - -
43 4 6  - - - 4 18 405 - - -
- - - - - 1 005 948 - - -
- - - - - 24 68 24 51 - - -
r;-
(' )., . • L., 
f ' = 4 584 p s i  c 
16 17 18 19 
0 0 0 
- 2 7 
0 6 4 
- 85  11 
- 142 22  
- 163 7 3  
- 200 
- 5 7 0  -




Ma in Bars = 2113  
Load P/Pu 
(Kips)  Rat io 1 2 3 4 5 
-
0 . 0  0 . 00 0 0 0 0 0 
2 . 1  0 . 17 2 0 2 8 7 
4 . 2  0 . 3 3 - - - 8 17  
6 . 3  0 . 50 - - - 18 37  
8 . 4  0 . 6 7 - - - - -
10 . 5  0 . 83 - - - - -
12 . 6  0 . 91 - - - - -
12 . 6  1 . 00 - - - - -
Ta:ble C . 2  
Crack Read ings at Nega t ive S ec t ion 
% S t eel F ibers = 0 . 8  f ' = 4805 p s i c 
All read ings are in lo -4 inches 
Interva l  
6 7 8 9 10 11 12 13 14 15 16  1 7  1 8  19  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 
8 2 9  1 6  8 21  10  16 7 13  0 3 5  1 4  0 0 
18  8 : 16  8 25  28  19  7 14 9 4 8  14 0 1 
33  12  15  - 4 9  5 3  1 9  6 13 19  85  33  1 4 
65  12  15 - 88 91  14  8 13  28 155  51  7 1 5  
1 5 6  2 7  - - 1 3 5  1 7 3  49  - - 2 9  195  85  70  69  
178  - - - 154 3 00 150  - - 4 7  2 04 101 99 9 3  








Ma in Bar s = 2113 
Load P/Pu 
(Kips) Rat io 1 2 3 4 5 6 
0 . 0 0 . 00 0 0 0 0 0 
2 . 1  0 . 16 12  2 0 2 0 
4 . 2  0 . 32 2 9  2 - 12 0 
6 . 3  0 . 49 48  28  - 4 0  0 
8 . 4  0 . 64 7 0  44 - 74  -
10 . 5  0 . 80 9 6  65  - 110 -
12 . 6  0 . 97 98 7 5  - 109 -
13 . 0  1 . 00 - - - - -
Table C . 3  
Crack Read ings at Nega t ive S ec t ion 
% S t eel F iber s = 1 . 2  f c ' = 4 9 2 7  p s i  
All r ead ings are in lo-4 inches 
Interval 
7 8 9 10 11 12 13 14 15 1 6  1 7 1 8  1 9  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 3 3 10 2 1  0 5 0 6 0 1 1 3 2 
- 3 0  1 7  2 9  3 0  1 8  3 2  - 12 2 2 - 7 1 
- 40 27 34 68 14 35 - 18 65  25  - 15 
- 69  51  41  82 - 40 - 57  67 6 5  - 10 
- 129  60  144 80 - 1 1 2  - 17 7 1 6 1  180 -
- 3 2 1  3 5 3  4 4 9  3 14 - - - 3 1 2  - 1 9 0  -
- 485 - 1032 - - - - 5 00 




Tab le C . 4 
Crack Read ings at Negat ive Sec t ion 
Ha in Bar s = 2 1/4 % S t eel F ibers = 0 . 0  
All read ings are in lo-4 inches 
Load P/Pu Interval 
(Kips) Rat io 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
0 . 0  0 . 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
2 . 1 0 . 10 1 0 1 2 0 2 1 4 2 7 5 4 5 3 
I 
4 . 2  0 . 20 0 - 1 2 5 3 3 8 6 10 8 2 2 0 
6 . 3  0 . 30 - - - - - - 2 5  8 61 12 6 8 11  12 
8 . 4  0 . 42 - - - - - - 69  15 101 8 6 7 - -
10 . 5  0 . 52 - - - - - - 125 3 2  181 - - - - -
12 . 6  0 . 60 - - - - - - 134• - 2 2 6  - - - - -
14 . 7  0 .  70 - - - - - - 224  - 2 85 - - - - -











f ' = 4584 p s i c 
16  17  18 19 2 0  
0 0 0 0 0 
0 0 15  3 8  9 
- - 5 ]  44  10 
- - 80 90 15  
- - 9 0  9 5  43 
- - 2 05 2 1 9  6 9  
- - 2 68 302 97  
- - 341  347  114 




Table  C . 5  
Crack Read ings at  Nega t ive S ect ion 
Ma in Bar s :::: 2 #4 % Steel F iber s  = 0 . 8  f ' = 4805  p s i  c -
All read ings are in lo-4 inches 
Load P/Pu Int erva l  
(Kips) Rat io 1 2 3 4 5 6 7 8 9 10 11  12  13  14  15  16  17  18  1 9  
-
0 . 0 0 . 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
2 . 1  0 . 10 7 6 0 7 7 5 6 4 5 4 5 6 1 2 4 0 1 1 2 
4 . 2  0 . 2 0 12 13 12 12  9 15  13  8 6 - 20  34  7 12  17 10 12  - 9 
6 . 3  0 . 3 0 14 15 4 2  1 5  15  3 6  28  9 9 - 33  67  6 16  22  5 5  4 0  - 4 
8 . 4  0 . 4 0 4 7  95  2 15 14 48 5 1  1 2  9 - 40  69 8 2 6  2 3  5 1  4 5  - 12  
10 . 5  0 . 52 53 108 16 2 1  2 7  7 2  7 7  2 8  24 - 120 111 10 45 81 86 70  - 2 7  
12 . 6  0 . 60 107 115  17  27  38  91 100 35 24 - 144 1 2 9  - 6 5  9 7  9 2  7 2  - 7 2  
14 . 7  0 . 7 0 122  133  - 3 4  86  1 1 9  101 - - - . 1 56 134  - 8 5  125  98  - - 102 
18 . 9  0 . 85 17 7 190 - 7 1  158  152  119  - - - 188 - - 134 1 7 5  112 - - 101 
20 . 0  0 . 91 182 198 - 101 184 151  119 - - - 8 3 7  - - 395  3 7 9  






Main Bar s = 2 115 
Load P/Pu 
(Kips)  Rat io 1 2 3 4 5 
-
0 . 0  0 . 0  0 0 0 0 0 
2 . 1 0 . 1  0 10 1 2 4 
4 . 2 0 . 2 - 18 4 - -
6 . 3  0 . 3  - 2 1  6 - -
8 . 4  0 . 4  - 96  92  - -
10 . 5  0 . 5  - 102 123 - -
12 . 6  0 . 6  - 154 145 - -
16 . 8  0 . 8  - 212  211  - -
2 1 . 0  1 . 0  - 326  216 - -
Table  C . 6  
Crack Read ings at  Nega t ive S ec t ion 
% S t eel F iber s = 0 . 0  
All read ings are in lo-4 inches 
Interval 
6 7 8 9 10 11 12 13 14 
0 0 0 0 0 0 0 0 0 
4 0 0 2 2 0  1 3  0 0 0 
- - - - 3 5  4 3  - - 0 
- - - - 60 86 - - -
- - - - 97 101 - - -
- - - - 135  143  - - -
- - - - 1 5 5  17 3 - - -
- - - - 1 9 5  215  - - -











f ' = 4584 p s i  c 
1 6  1 7  18  19  
0 0 0 0 
2 1 5 5 
11  - 11 11  
- - 2 0  18 
- - 4 2  42  
- - 84 8 5  
- - 113  108 
- - 2 2 0  207  
- - 3 7 8  3 7 3  





Main Bar s = 2115  
Load P/Pu 
(Kips) Rat io 1 2 3 
0 . 0  0 . 00 0 0 0 
2 . 1  0 . 10 0 2 10 
4 . 2 0 . 20 - - 4 
6 . 3  0 . 29 - - -
8 . 4  0 . 38 - - -
10 . 5  0 . 42 - - -
12 . 6  0 . 5 7 - - -
16 . 8  0 . 7 6 - - -
22 . 0  1 . 00 - - -
Table C . 7  
Crack Read ings at Negat ive  Sec t ion 
% S t eel F iber s = 0 . 8  
All read ings are in lo-4 inches 
Int erval 
4 5 6 7 8 9 10 11  12  13  14  
0 0 0 0 0 0 0 0 0 0 0 
6 17 12  2 3 1  35  14 3 6 15  0 
11  50 46  - 26  55  14 - 32  23  -
- 65 64 - - 69 19 - 3 1 2 2  -
- 7 7  84 - 8 89 42 - - 3 6  -
- 105 97 - - 109 1 00 - - 15 -
- 125  1 27 - - 115 115 - - 40  -
- 160 169  - - 129  134 - - 180  -
- 200 205  - - 3 98 4 6 2  - - 3 6 1  -
f ' = 4805 p s i  c 
15 16 17 18 19 
0 0 0 
3 2 9  2 9  
- 70  76  
- 90 92  
- 9 7  9 9  
- 1 2 2  1 19 
- 1 3 1  124 
- 3 2 9  3 19 





Ma in Bar s = 2 115 
Load P/Pu 
(Kips)  Rat io 1 2 3 4 5 
0 . 0  0 . 00 0 0 0 0 0 
2 . 1  0 . 10 0 1 3 2 4 
4 . 2  0 . 20 - - 0 9 9 
6 . 3  0 . 29 - - 1 8 20  
8 . 4  0 . 38 - - - 4 4  53 
10 . 5  0 . 4 7 - - - 69  97  
12 . 6  0 . 5 7 - - - 95  121  
16 . 8  0 . 7 6 - - - 149 154 
2 2 . 0  1 . 00 - - - 541 1206 
Table C . 8  
Crack Read ings a t  Negat ive  S ec t ion 
% S teel F iber s = 1 . 2  
All r ead ings are in lo-4 inches 
Int erval 
6 7 8 9 10 11  12 13  14 
0 0 0 0 0 0 0 0 0 
10 4 2 1 0 0 1 1 2 
2 19 13 0 - - 6 2 0  2 
-1 4 1  41 - - - 2 6  48 0 
- 52 48 - - - 43 63  -
- 7 5  7 2  - - - 64 78  -
- 86  83  - - - 7 9  9 3  -
- 117  126  7" - - 114 131  -
- 7 74 7 63 - - - 1300 12 98 -
f ' = 4 9 2 7  p s i  c 
15  16  17  18 
0 0 0 0 
- 0 15  0 
1 0 2 2  
- 7 30  
- 4 0  5 5  
- 7 3  82  
- 100 110 
- 160 168 
- - 244  





Table C . 9  
Crack Read ings at Negat ive Sec t ion 
Main Bar s = 2 #6 and 2 # 3  % S t eel Fiber s = 0 . 8  
Al l read ings ar e in lo-4 inches 
Load P/Pu Interval 
(Kips) Rat io 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16  
0 . 0  0 . 00 0 0 0 0 0 0 0 0 0 0 0 0 0 e--. 0 0 
4 . 2  0 . 12 3 7 6 9 0 18 23 1 0 0 28  4 5  0 0 21  25  
8 . 4  0 . 24 10  16  1 0 - 5 0  4 3  - - - 34 54 - - 25  22  
12 . 6  0 . 36 42  3 - - - 59 63 - - - 59  8 4  - - 7 2  7 0  
1. 6 . 8  0 . 48 62  - 46  - - 91 103 - - - 95  - - - 102 9 7  
2 1 . 0  0 . 60 92  - 66 - - 122  138 - - - 12 9 - - - 136  12 2 
24 . 0  0 . 68 113 - 8 6  - - 145 163 - - - 149  - - - 159  148 
f ' = 5100 p s i  c 
17  18 19 
0 0 0 
1 





Main Bars = 2 11 3  
Load P/Pu 
( Kip s) Rat io 1 2 3 4 
--
0 . 00 0 . 00 0 0 0 
2 . 10 0 . 17 4 0 1 
4 . 20 0 . 33 2 0  10 2 
6 . 30 0 . 50 67  39  -
8 . 40 0 . 67 92 7 5  -
lO . SO ' 0 . 83 117 103 -
11 . 55 0 . 91 13 7 12 3 -
12 . 60 1 . 00 159 135  -
Table C . lO 
Crack Read ings at  Po s it ive S ec t ion 
% S teel F ibers = 0 . 0  
All read ings are in lo-4 inches 
Interval 
5 6 7 8 9 10 11 12 13 14 15  
0 0 0 0 0 0 0 0 0 0 0 0 
0 6 8 0 1 0 2 5  2 0  4 0 0 3 
0 40  40 1 0 - 65 70 3 1  1 0 9 
- 65 7 5  - - - 124  106 52 0 0 7 0  
- 112 112 - - - 160  142 69 - - 120 
- 14 8 155 - - - 2 2 5  2 2 0  - - - 180 
- 3 13 3 10 - - - 830  8 9 2  132  
- 463  463  - - - 1154 - 630  - - 2 04 
f ' = 4 584 p s i  
c 




- 4 7  
- 68 





Ma in Bar s  2 113 
Table C . ll 
Crack Read ings at Po sit ive S ec t ion 
% S t eel F iber s = 0 . 8  t o o ;  n � 1 r 9 : � c - r 
·-- -- --- - --- -·-- - .. ,.._. ... _...,_ _...,.,_ - --· ·----· --- ---------- -- -- - - --
Al l r ead ir:._gs._�::- e  _h�J-.;!- ::. i�c:_::.��---------·- _ _ _ _ _ _ _ _ _ __ _ � 
Load P /P I�t �r�a i u --�- ·--  ·-· --- ---- --- - - - --· - ---- --- ---- ---
(Kips) Rat io 1 2 3 4 5 6 7 8 9 "it_} l £. .:..l J. 3 :. ::.. 1 .5 �- (; 1 7 1 8 1.9  ?. Q 
·--� - .. - - -""-� __.,.._,._ _ , _r•--. -- •• •- ·--- - --- -- ·--- • ..-·•• •• -· • ••- ·- • -�--- ··- �-------- -- •·�-
0 .  o o .  oo o o o o o o o c. o ·.: �) ::; o � �  u , ,  r� c: n o 
2 . 1  0 . 17 0 0 2 0  12 6 0 2 0  l b  u 0 � � 0  1 2  !D  - - � 0 1 �  0 
4 . 2 0 . 3 3 0 1 3 7 3 5 1 7  - 5 2  3 5 .. , 0 - 4 2 3 2 __>. l �- � !. 6 2 2 3 u 
6 . 3  o . 5 o - - 4 7  4 6  33  - 8 2  67  - - - G ?  b2 44 - - � s  10 2 °  
8 . 4  0 . 67 - - 7 7  87 32  - 2 0 1  9 4  - - - 98 83  5 8  3 5  - 40 2 2  3 3  
10 . 5  0 . 83 - - 103 1 5 0  - - 251  9 5  - - - 230  1 1 0  1 7 3  3 5  - 55  2 2  6 3  
12 . 6  0 . 91 





Table C . l2 
Crack Read ings at  Posit ive S ect ion 
Ma in Bar s = 2 113 % S t eel F iber s  = 1 . 2  
All read ings are in lo -4 inches 
Load P/Pu Interval 
(Kips) Rat io 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
0 . 0  0 . 00 0 0 0 0 0 0 0 0 0 0 0 0 0 
2 . 1  0 . 16 2 10 0 3 5  1 7  7 0 2 15 10 15 1 0 
4 . 2  0 . 32 10 12 - 58 3 7  4 3  - 48 2 5  5 20  1 
6 . 3  0 . 49 22  3 5 - 6 2  3 9  5 0  · - 65  45  4 41  
8 . 4  0 . 65 44 64 - 85  41 88 - 72  74  1_6 _ 80 
10 . 5  0 . 82 85 93 - 109 81 90 - 90  125  - 80  
13 . 0  1 . 00 85 96 - 248  201 116 - 12 1 126 - 91 
f c ' = 4927  p s i  




Table C . l3 
Crack Read ings at  Positive Sec t ion 
Main Bars = 2 114 % Steel F iber s = 0 . 0  
All read ings are in lo-4 inches 
Load P/Pu Interval 
(Kips)  Rat io 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
0 . 0  . 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
2 . 1  . 10 1 -1 2 1  2 5  2 9  0 2 32  2 - 10 30 - 11  
4 . 2  . 20 0 - 40 2 6  2 9  - - 59  - - 5 30  - 42 
6 . 3  . 30 - - 65 58 3 1  - - 65 - - 6 32  - 63 
8 . 4  . 42 - - 74  10  32  - - 8 0  - - - 5 5  - 6 5  
10 . 5  . 52 - - 87 - 37 - - 118 - - - 8 1  - 7 3  
12 . 6  . 60 - - 93  - 60 - - 137  - - - 87  - 7 4  
14 . 7  . 70 - - 111 - 74 - - 162 - - - 1 7 0  - 8 9  
16 . 0  . 80 - - 123 - 106 - - 180 - - - 2 7 9  - 1 11 
f ' = 4 584 p s i  c 
15  16 17  18 19  
0 0 0 0 0 
2 5  0 12  9 0 
3 0  - 2 9  - -
4 3  - 3 4  - -
5 9  - 3 8  - -
7 7  - 44 - -
7 8  - 7 1  - -
92  - 94 - -
97  - 125 - -
2 0  
0 
5 
1 5  
1 6  
2 1  
2 6  
4 6  
64 




Main Bars = 2 114 
Load P/Pu 
(Kips)  Rat io 1 2 3 4 5 
0 . 0  0 . 00 0 0 0 0 0 
2 . 1  0 . 10 0 1 10 0 1 
4 . 2  0 . 20 0 0 20 - 3 7  
6 . 3  0 . 30 - 2 5  34  - 60 
8 . 4  0 . 40 - 55  64  - 62 
10 . 5  0 . 52 - 69 iB - 8 5  
12 . 6  0 . 60 - 107 114 - 130 
14 . 7 · 0 .  7 0  - 132  12 7 - 154 
18 . 9  0 . 85 - 2 3 5  235  - 331  
20 . 0  0 . 9 1 - 260  230  - 335  
Table C . l4 
Crack Read ings at Pos it ive S ec t ion 
% S t eel Fibers = 0 . 8  
All read ings are in lQ-4 inches 
Interval 
6 7 8 9 10 11 12 13 14 
0 0 0 0 0 0 0 0 
0 1 5 1 6 1 0 0 
- 0 3 7  - 1 5  5 1 1 
- - 50  - 40  - 17  0 
- - 58 - 60 - 2 9  
- - 7 6  - 93 - 2 9  
- - 106 - 108 - 44 
- - 111 - 114  - 49 
- - - - 242 - 155  
- - - - 244  
f ' = 4805 ps i c 




Ma in Bar s = 2 115 
Load P/Pu 
(Kips) Ratio 1 2 3 4 5 
-
0 . 0  0 . 0  0 0 0 0 0 
2 . 1  0 . 1  7 7 1 3 0 
4 . 2  0 . 2  20 17 1 8 1 
6 . 3  0 . 3  42  29  0 3 1  3 6  
8 . 4  0 . 4  so 39 - 43  49  
10 . 5  0 . 5 67  74  - 5 7  6 1  
12 . 6  0 . 6  110 94  - 74  7 0  
16 . 8  0 . 8  125  116 - 89 98 
2 1 . 0  1 . 0  227  192  - 105 110 
Table C . lS 
Crack Read ings a t  Pos itive S ec t ion 
% S teel F ibers = 0 . 0  
All r ead ings are in lo-4 inches 
Interva l  
6 7 8 9 10 11  12  13 14 
0 0 0 0 0 0 0 0 0 
2 0 9 4 5 5 1 0 0 
1 i 16  24  1 10 10 - -
1 0 53  56  - 2 1  1 6  - -
- - 58 64 - 2 7  2 6  - -
- - 82  7 5  - 4 5  49  - -
- - 84 81 - 65 69  - -
- - 104 106 - 90  86  - -
- - 494 SOl - 1 66 166  - -
f c ' = 4 584 p s i  
1 5  1 6  1 7  18 19 
0 0 0 0 0 
0 10 1 5 
- 21  - 10 
- 3 2  - 3 0  
- 40 - 3 0  
- 55  - 3 5  
- 63 - 4 2  
- 8 6  - 7 7  






Ma in Bar s  = 2 115 
Load P/Pu 
(Kips)  Rat io 1 2 3 4 5 
0 . 0 0 . 00 0 0 0 0 0 
2 . 1  0 . 10 0 1 5 12 7 
4 . 2  0 . 20 31  25  20 30  12  
6 . 3  0 . 29 35  29  30  41  32 
8 . 4  0 . 38 42 35 3 6  48 38 
10 . 5  0 . 42 80  85  80 66 7 4  
12 . 6  0 . 57 142 129 128 - 141 
16 . 8  0 . 7 6 140 132 13 5 - 14 1 
22 . 0  1 . 00 135 130 180 - 148 
Table C . l6 
Crack Read ings at Pos i t ive S ec t ion 
% S teel Fiber s = 0 . 8  
All read ings are in lo-4 inches 
Interval 
6 7 8 9 10 11 12 13 14 
0 0 0 0 0 0 0 0 
2 1 0 0 -1 2 0  0 0 
18 12 5 15 - 3 0  3 5  1 
3 0  2 1  12 19 - 38 42  
3 6  2 5  18 2 5  - 4 2  4 5  
7 2  7 0 75  7 6  - 124 94 
83 7 9  8 5  110 - 134  105 
- - 89 122 - 184 169  
- - 169 138 - 189 2 3 2  
f ' = 4805 p s i  c 




Ma in Bar s = 2 115  
Load P/Pu 
(Kips)  Ra t io 1 2 3 4 
-
0 . 0  0 . 00 0 0 0 0 
2 . 1  0 . 10 1 10 2 2 
4 . 2  0 . 20 0 17  12  9 
6 . 3  0 . 2 9 - 15 15 15 
8 . 4  0 . 38 - 19 30 2 3  
10 . 5  0 . 42 - 46  53  40  
12 . 6  0 . 57 - 54 70 63  
16 . 8  o .  7 6  - 68 78 7 7  
22 . 0 1 . 00 - 12 7 134 140 
Table C . l7 
Crack Read ings at  Pos i t ive S ec t ion 
% S teel Fibers = 1 . 2  
All read ings are in lo-4 inches 
Interval 
5 6 7 8 9 10 11 12 13 14 
0 0 0 0 0 0 0 0 0 0 
0 0 11 5 7 1 12 1 3 9  5 0  
10 0 28  28  10  1 13  0 4 8  55  
5 1 33  35  2 4 23  5 48 60 
- 1 53 55  - 4 3 3  20  61  67  
- 4 66  67  - 5 56  48  72  85  
- 22  83  110 - 7 7 3  64 83 9 5  
- 209 232  111 - 148 . 143  165  83  9 6  










1 9  
f ' = 4927  ps i c 
16  17  18 19 
0 0 0 
4 5 2 
4 3 10 
11 
3 3  
5 0  
5 5  
6 0  
6 5  




Table C . l8 
Crack Read ings at Pos it ive S ec t ion 
Main Bars = 2#6  and 2#3  % S t eel F ibers = 0 . 8  
All read ings are in lo-4 inches 
Load P/Pu Interval 
f ' c 5100 p s i  
(Kips)  Rat io 1 2 3 4 5 6 7 8 9 1 0  11  1 2  13  1 4  15  16  1 7  1 8  19 2 0  
0 . 0  0 . 00 0 0 0 0 0 0 0 0 0 0 0 0 0 
4 . 2  0 . 12 10 4 1 9 16 0 17  1 0 12 0 1 0 
8 . 4  0 . 24 1 2 - 19 25  - 47 - - 3 1  
12 . 6  0 . 36 - 7 2  - - 47  - 67  
16 . 8  0 . 4 8 - - - 60 7 1  - 98 
21 . 0  0 . 60 - - - 100 161  - 194  - - 166  






Table D . 1· 
S ta t i s t ical Analy s is f or Modu lu s of E la s t ic ity  
S T E P  1 VAR I AB L E  X 1  E N T E R ED R SQUAR E = 0 . 8 4 8 1 3 2 3 0  
R E G R E S S I ON 
E RROR 
TOTAL 
I N T E R C E P T  
X 1  




B VALU E 
1 . 00 1 70 7 3 2 
- 0 . 2 3 011 8 7 80 
T U E  ABOVE MOD E L  I S  HtE B E ST 1 VAR I AB L E  MOD E L  FOUN D . 
SUM O F  SQUA R E S  
0 . 09 9 5 7 0 7 3  
0 . 0 1 7 8 2 9 2 7  
0 . 1 1 7 4 0000 
S T D E RROR 
0 . 04 3 6 1 7 8 1  
C ( P )  2 . 00000000 
M EAN SQUAR E 
0 . 0 99 5 70 7 3  
0 . 0 0 3 5 6 5 8 5  
T Y P E  I I S S  
0 . 0 9 9 5 7 0 7 3  
r 
2 7 . 9 2 
F 
2 7 . 92 
PROI3> f 
0 . 00 3 2  
PROB> f 




Tab l e  D . 2  
S ta t is t ical Ana ly s is f o r  S p l i t  Cyl inder S tr eng t h  
s r E P  1 VAR I AA L E  X 1  � N f E R E O  R SQU A R E  = 0 . 9 9 5 9 5 2 6 2  C (  p )  = 2 . 00000000 
OF SUN OF SQUAR E S  f-1E A N  SQUAR E 
R EG R E S S I ON 1 3 . 8 8 2 6 88 1 0  3 . 8 82 6 8 8 1 0 
E RROR 1 0 . 0 1 5 7 7 8 5 7  0 . 0 1 5 7 78 5 7  
T OT A L  2 3 . 8 9 8 4 66 6 7  
B VA L U E  S T O  E R ROR T Y P E  I I SS 
I N T ERC E P T 6 . 66 6 4 2 8 5 7  
X 1  2 . 2 8 0 3 5 7 1 4  0 . 1 4 5 3 6 8 5 5  3 . 8 82 6 8 8 1 0  
T i l E  ABOVE f-IOO E L  I S  HI E B E S T  1 VAR I AB L E  MOD E L  FOU N D . 
F 
2 1t 6 . 0 7  
F 
2 Li 6 . 0 7  
PROB> F 
0 . 0405 
PROB> F 




Tab le D . 3  
S tatist ical Analysis for First  Modulu s of Rup ture 
S T E P  1 VAR I AB L E  X l  E N T ER E D  R SQUAR E = 0 . 99066582 C( P )  = 2 . 0 0000000 
OF SUN OF SQUAR E S  1-tE A N  SQUAR E 
R E G R E S S I ON 1 7 . 3 2 1 6 1 4 8 1  7 . 3 2 1 6 1 48 1  
E RROR 2 0 . 06 8 9 8 5 1 9  0 . 0 3 4 49 2 5 9  
l O T A L  3 - 7 . 3 9060000 
B VA L U E  S T D  E RROR TYPE I I S S  
I NTfRCE PT 7 . 568 1 4 8 1 5  
X 1  2 . 6 0 3 7 0 3 70 0 .  1 78 7 1 090 7 . 3 2 1 6 1 4 8 1  
T H E  ABOVE MOD E L  I S  T H E  B E S T  1 VAR I AB L E  MODE L  FOUN D . 
F 
2 1 2 . 2 7 
F 
2 1 2 . 2 7 
P R O B > F 
1 1 . 00 4 7  
I ' R O B> F 




Table D . 4  
S tatistical Analysis for Ult imate Modulus of Rupture 
S T E P  1 VAR I AB L E X 1  E N T E R E D  R SQUAR E = 0 . 99628002 C( p ) = 2 . 00000000 
OF SUM Of SQUA R E S  N E AN SQUAR E 
R EGR E S S I ON 1 20 . 4 2 7 6 0 0 9 3  2 0 . 4 2 7 6009 3 
E R ROR 2 0 . 0 7 6 2 74 0 7  0 . 0 3 8 1 3 7 0 4  
T OTAL 3 20 . 5 0 3 8 7 50 0  
B VALU E STD ERROR TYPE I I SS 
I N T E RC E PT 7 . 55296296 
X 1  4 . 3 4 9 0 7 4 0 7  0 . 1 8 79 1 506 20 . 4 2 7 6 0 0 9 3  
T H E  ABOVE MOO E L  I S  T H E  B E S T  1 VAR I AB L E  MOD E L  FOU" D . 
F 
5 3 5 . 61l  
r 
5 3 5 . 6 4 
P fWB> F 
( 1 . 00 1 9  
P HOB> f 




S l E P  1 VAR I ABLE X3 E N T E R E D  
R E GR E S S I ON 
ER ROR 
TOTAL 
I N T E RC E PT 
X 3  
l H E ABOVE MOD E L  I S  T H E B E S T  
ST E P  2 VAR I AB L E  X2 E N T E R E D  
R E GR E S S I ON 
ERROR 
T OTAL 
I N f ERC E P T 
X2 
X 3  
l i i E  A llOV I MOOH I S  T i l E  O F S T  
S T E P'  3 VAR I AB L E  X I  E N l E R E O  
Tab le D . S 
S ta t is t ical Ana lys i s  o f  Plas t ic H inge Leng t h  
R SQUAR E = 0 . 5 9 9 7 00 5 1 




B VA L U E  
1 . 065 7 7 1 89 
0 . 1 2 7 1 06 5 9  
1 VAR I AB L E  MOD E L  FOUND . 
SUr-1 O f  SQUAH E S  
0 . 0.7 5 4 1 2 3 4  
0 . 050 3 3 7 6 6  
0 . 1 2 5 7 50 1 J O  
S T O  E R R O R  
0 . 0 4 2 3 9 5 3 0  
R SQUAR E = 0 . 6 7 7 42 1 1 9  
O F  SUI., O F  SQUAR E S  
2 0 . 08 5 1 8 5 7 1  
5 0 . 040564 29 
7 0 . 1 2 5 7 5000 
B VA L U E  S T O  E R ROR 
1 .  0906 7 1 9 11 
- 0 . 1 2 3 7 8 6 3 8  0 .  1 1 2 7 8 1 1� 0  
0 .  1 9 1 98408 0 . 0 7 2 3 3 2 7 5  
2 VAR I AB L E  MOO E L  FOUND . 
R SQUARE = 0 . 82928 1 011 
DF SUI-I OF SQUAR r S  
C (  P )  
C (  P )  = 
C (  P )  ::: 
5 .  3 7 9 1 1 1 511 7 
HEAN SQUA R E  
0 . I )  l 5  I I  1 2 3 1! 
0 . 0 0 8 3 896 1 
T Y Pf I I S S  
0 . 0 7 5 4 1 2 3 4  
5 . 5 5 8 1 2500 
MEAN SQUARE 
0 .  0 11 2 59286 
0 . 008 1 1 28 6  
T Y P E  I I S S  
0 . 009 7 7 3 3 8 
O . O 'J 11 5 2 3 8  
' '  . oonnoooo 
MEAN SQUAB E 
R E G R E S S  I ON . 3 0 .  1 011 28209 0:  0 3 1t 76070 
E HHOR 4 0 . 02 1 46 7 Y 1 0 .  01 1 '> 3 6 6 9 8  
l OTAL 7 0 . 1 2 5 7 5 000 
B VAL U E  S T D  E R ROR T Y P £. I I  SS 
I N I E RC F: PT 1 .  2 8 4 305 7 0  
X 1 - 0 . 1 51t 0 3 0 0 7  0 . 08 1 6 5 7 28 0 . 0 1 9096 3 8  
X 2  - 0 . 3 1 0 3 1 84 3  0 .  1 3 4 8 8 2 7 11 0 .  0 2 8 4 0 7 1� 1· 
X 3 0 .  3 4 0  1 1t 2 3 4  0 . 098 1 3 4 6 9  0 .  O (} I J 4 7 7 1 8  
F 
8 . 9 9 
F 
8 . 99 
F 
5 . 2 5 
r 
1 .  20 
1 . 011  
F 
6 . 11 8  
F 
3 . 56 
5 . 29 
1 2 . 0 1 
PHOB > f 
0 . 0 2 11 1 
PROB> f 
0 . 0 2 4 1 
PROB > F  
0 . 0 5 9 1 
PROB> F 
0 .  3 2 211 
0 . 0 11 5 2  
PHOl3 > f  
0 .  0 5 1 11 
PHOB> f 
0 . 1 3 2 3  
0 . 0 8 2 9  N "" 
0 . 0 2 5 7  N 
Table D . 6  
I 
S ta t ist ical Analys is o f  Curvature· D is tr ibu t ion Fac tor 
S T E P  1 VAR I AB L E  X l  E N T E R E D  R SQUA R E  = 0 . 9 1 5 6 3 96 7  C (  P )  = 2 . 00000000 
OF SUM OF SQUAR E S  MEAN SQUAR E F PROB > F 
REGR E S S I ON 1 0 .  0 52008'3 3 0 . 05 2008 3 3  6 5 . 1 2 0 . 0002 
E RROR 6 0 . 00 4 7 9 1 6 7 0 . 000 7 9 8 6 1 
TOTAL 1 0 . 05680000 
B VAL U E  S T O  E R ROR TYPE I I  SS F PROB> F 
I N T ERCE P T  0 . 5 5 8 7 5000 
X 1  - 0 . 1 6 4 58 3 3 3  0 . 02039469 0 . 0 52008 3 3  6 5 . 1 2  0 . 0002 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - � - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -




Ta b le 0 . 7  
S t a t i s t ic a l  Ana ly c is for Pla s t ic Ro tat ioa Coef f ic len t 
S T E P  1 VAR I AB L E  X4 E N T E R E D  R SQUARE = 0 . 96666899 C (  P )  = 0 . 1 1 9 50 7 3 6 
O F  SUM O F  SQUARES MEAN SQUARE 
R EGRESS I ON 1 1 4 11 . 2 7 804098 l 4lt . 2 7 8011098 
E RROR 6 4 . 9 7 lt 7 lt652 0. 829 1 2411 2 
TOTAL 1 1 11 9 . 252 7 8 7 50 
B VALUE STO E RROR T Y P E  I I  SS 
I NT E RCE P T  1 .  9 1 5 3 6099 
XII 5 .  559611 390 O . lt2 1 4603tl 1 4 '1 . 2 7601f098 
T H E  ABOVE HODEL I S  THE B E S T  1 VAR I ABLE HODEL FOUN D .  
S T E P 2 VAR I AB L E  X2 �NTEREO R SQUARE = 0 . 9 7940004 C (  P) = 0 . 5460 2 7 82 
O F  S U M  O F  SQUAR E S  MEAN SQUARE 
REGRESS I ON 2 1 11 6 . 1 78 1 66 1 2  7 3 . 06909 306 
ERROR 5 3 . 0 7460 1 3 8 0 .  6•1 4 92021) 
TOTAL 1 1 49 . 252 7 6 7 50 
8 VALU E  S T O  ERROR TYPE I I  SS 
I N T ERCEPT 1 .  568 1 6 7 5 9  
X2 1 .  7260 1 2611 0 . 96 1 88 3 5 7  1 .  900 1 11 5 1 11 
X4 4 . 65502605 0 . 6297 311 4 7  3 3 .  600681104 
TilE ABOVE MODEL I S  T il E  B E S T  2 VAR I ABLE HOD E L  F OUND . 
S T E P  3 VAR I ABLE X3 E N l E R ED R SQUARE = 0 . 96 3 1 0765 C (  P)  = 2 . 06 7 "1 9 0 7 11 
OF SUH Of SQUARE S  MEAN SQUARE 
REGRESS I ON 3 1 116 . 7 3 1 55648 118 . 9 1 05 1 68 3  
E RROR If 2 . 52 1 2 3 1 02 0 .  6 3 0 3 0 7 7 5  
TOTAL 7 1 4 9 . 2527 8 7 50 
B VALUE STD E R ROR T Y P E  I I  SS 
I N T ER C E P T  4 . 3029926 1 
X2 2 . 24 1 95066 I .  1 3611 0760 2 . 4 � 3 2 1 996 
X3 - 0 . 04 309509 0 . 0'1599 3 4 7  o .  55 3 3 1036 
Xlt 4 . 1 6554868 0 . 82424996 1 6 . 098 2 7 0 0 1  
T i l E  ABOVE MOD E L  I S  T l i E  B E S T  3 VAR I AB L E  HODE L  fOUND . 
F 
1 7 14 . 0 1 
F 
1 74 . 0 1  
f 
1 1 8 . 66 
F . 
3 . 09 
511 . 611 
f 
7 7 . 60 
F 
3 . 69 
0 . 66 
25 . 54 
PROB > F  
0 . 00 0 1  
PROB > F  
0 . 000 1 
PROB> f 
0 . 000 1 
PROB> F 
0 .  1 3 9 1 
0 . 000 7 
PROB> F 
0 . 0005 
PROB> F 
0 . 1 1 96 
0 . 110 1 8  




Tab le D . 7  ( Cont inued ) 
S ta t is t ical Ana ly s is for  P la s t ic Rotat ion Coef f ic ien t  
S T E P  4 VAR I AB L E  X6 ENT E R E D  R SQUARE = 0 . 9 8 3 68 3 3 5  
O f  SUM O f  SQUAR E S  
REGRESS I ON 4 1 46 . 8 1 748204 
ERROR 3 2 . 4 3 5 30546 
TOTAL 1 1 49 . 25278750 
B VALUE STD E RROR 
I NT ERCE PT 3 .  5 7 30 1 9 1 1 
X2 2 . 58 726925 1 .  6 7025 7 72 
X3 -0 . 0 3 98 1 0 1 2  0 . 0 5 3 1 6 3 4 6  
X 4  . 3 . 9 1 72 3 5 39 1 . 20726844 
X6 0 . 006782 1 0  0 . 02084582 
l ii E  ABOVE MOD E L  I S  T il E  BEST 4 VAR I AB L E  HODEL FOUND . 
S T E P  5 VAR I AB L E  X5 EN T ER E D  R SQUARE = 0 . 98 3 8 1 796 
O F  S U M  O F  SQUAR E S  
REGR E SS I ON 5 1 46 . 8 3 7 5 1 3 2 1 
ERROR 2 2 . 4 1 52 1 429 
TOTAL 1 1 49 . 25278750 
B VALUE S T D  E RROR 
I N T ERCE P T  2 . 9 3 6 1 2886 
X2 4 . 466941168 1 4 . 7 1 4 5054 7 
X 3  - 0 . 0 3 2 1 3 2 70 0 . 0880 1 926 
X4 3 . 624 76469 2 . 7 0 3 6 3 705 
X5 - 0 . 02468887 0 . 1 9 1 4 0860 
X6 0 . 00890808 0 . 0 3 0 3 0 0 3 8  
T H E  ABOVE HODE L  I S  T H E  B E S T  5 VAR I AB L E  HODE L  FOUND . 
NO FURTHER I M PROVEME N T  I N  R - SQUARE I S  POSS I BL E .  
C (  P )  = 4 . 0 1 6 6 3 7 1 8  
MEAN SQUAR E 
3 6 . 704 3 705 1 
0 .  8 1 1 76849 
TYPE I I  SS 
1 . 94 7 8 1 840 
0 . 4 5 5 1 9004 
8 . 5464 1 2 1 9  
0 . 08592556 
C (  P) = 6 . 00000000 
MEAN" SQUARE 
29 . 3 6 7 5 1 464 
1 . 20 7 60 7 1 4  
T Y P E  I I  SS 
0 . 1 1 1 28 9 8 3  
0 .  1 6094 0 3 0  
2 . 1 7064 366 
0 . 02009 1 1 7  
0 . 1 011 3 7 525 
F PROB> F 
4 5 . 22 0 . 0052 
F PROB > F  
2 . 40 0 . 2 1 9 1  
0 . 5 6 0 . 508 3 
1 0 . 5 3 0 .  0 4 7 7  
0 . 1 1  0 . 7 6 6 3  
F PROB > F  
24 . 3 2 0 . 01100 
F PROB> F 
0 . 09 0 . 7 9 0 1 
0 . 1 3  0 . 7 5 0 1 
1 .  80 0 . 3 1 20 
0 . 02 0 . 9092 
0 . 09 0 . 7965 
The three var iable model was cho sen b ecau se it ha s the mo st  r eal ist ic p aramet er s 




Table D . 8  
S ta t is t ical Analy s is f o r  Du c t i l i t y  I nd ex 
ST E P  1 VAR I AB L E  X1 E N T ER E D  R SQUAR E = 0 . 5 2 40 3 5 3 8 
R EGR E SS I ON 
E RROR 
TOTAL 
I NT E-RC E PT 
X 1  




B VALU E 
0 . 98 1 2 5000 
3 . 8229 1 66 7  
T H E  ABOVE MOD E L  I S  T l t E  B E S T  1 VAR I AB L E  MOD E L  FOUND . 
SUM O f  SQUA R E S  
2 8 . 060208 3 3  
2 5 . 4 86 1 9 1 6 7 
5 3 . 54640000 
STO E RROR 
1 . 4 8 7 3 9 4 7 1  
C ( P )  2 . 00000000 
M EAN SQUAR E 
28 . 060208 3 3  
4 . 2 4 76986 1 
TY P E  I I SS 
28 . 060208 3 3  
f 
6 . 6 1 
F 
6 . 6 1  
PROB> F 
0 . 04 2 3  
PROB> F 




ST E P  1 VAR I AB L E X 1  E N T E R E D  
R EG R E S S I ON 
E RROR 
TOTAL 
I N T E RC E PT 
X l  
Table D . 9  
S ta t is t ical Analy s is f o r  Crac king Moment 
R SQUA R E  = 0 . 99906 4 4 2  




B VALU E 
0 . 996428 5 7  
0 . 5 0 5 3 5 7 1 4  
SUM O f  SQUAR E S  
0 . 1 90688 1 0  
0 . 000 1 7 8 5 7  
0 . 1 9086667 
S T D  ERROR 
0 . 0 1 54 6 4 7 4  
C ( P )  2 . 00000000 
M EAN SQUA R E  
0 . 1 90688 1 0  
0 . 00 0 1 7 8 5 7  
T Y P E  I I S S  
0 . 1 90688 1 0  
T H E  ABOVE MODE L I S  T H E  B E S T  1 VAR I AB L E  MOD E L  POUND .  
f 
1 06 7 . 8 5 
f 
1 06 7 . 8 5 
PROB> f 
0 . 0 1 9 5 
PROB> f 




Tab le D . lO 
S ta t is t ical Analy s is for  Cracked Momen t 
S T E P  1 VAR I AB L E  X l  E N T E R E D  R SQUA R E  = 0 . 82404268 
OF 
R EG R E S S I ON 1 
E RROR 7 
TOTAL 8 
B VAL U E  
I N T f.RC E PT 0 . 9 8 5 4 7 6 1 9  
X 1  0 . 1 4 3 4 5 2 3 8  
T H E  ABOVE MODE L  I S  T H E  B E S T  1 VAR I AB L E  MODE L  FOU N D . 
SUM O F  SQUA R E S  
0 . 04609603 
0 . 00984286 
0 . 0 5 5 9 3 8 8 9  
S T D  ERROR 
0 . 025054 6 1  
C (  P )  = 
of Iner t ia 
2 . 00000000 
M EAN SQUAR E 
0 . 04609603 
0 . 00 1 406 1 2  
T Y P E  I I  S S  
0 . 04609603 
F 
3 2 . 7 8  
F 
3 2 . 7 8  
PROB> F 
0 . 000 7 
PROB > f 




S T E P  1 VAR I AB L E  X2 E N T E R E D  
REGRESS I ON 
E RROR 
TOTAL 
I NT ERCEPT 
X2 
T H E  ABOVE HOD E L  I S  T H E  B E S T  
ST E P  2 VAR I ABLE X1 E N T E R E D  
R EGRESS I ON 
ERROR 
TOTAL 
I NT E R C E P T  
X 1  
X2 
TilE ABOVE HOD E L  I S  TilE B E S T  
ST E P  3 VAR I ABLE X3 E N T ER E D  
R EGRESS I ON 
ERROR 
TOTAL 
I N T E RC E P T  
X I  
X2 
X3 
Table D . 1 1 
Stat istic a l  Analysis f or Crack Wid t h  Est imat ion 
R SQUARE = 0 . 900 3 3626 
Of 
1 
1 4  
1 5  
B VALUE 
1 . 00562500 
-0 . 3 1 97 9 1 67 
1 VAR I AB L E  HODE l  FOUN D .  
SUM O f  SQUARE S  
0 . 3 92 704 1 7  
0 . 0 4 3 4 70 8 3  
0 . 4 3 6 1 7 500 
STD E RROR 
0 . 028 4 3 606 
R SQUARE = 0 . 9 1 1 00305 
Of SUM O F  SQUAR E S  
2 0 .  3 9 7 3 56 7 5  
1 3  0 . 0388 1 825 
1 5  0 . 4 3 6 1 7500 
B VAL U E  S T D  E RROR 
0. 9652 1 7 3 4  
0 . 0 3222944 0 . 0258 1 97 3  
- 0 . 32026 1 68 0 . 027888 1 9  
2 VAR I ABLE HObEL fOUND . 
R SQUARE = 0 . 9 1 1 1 6804 
OF SUM O F  SQUAR E S  
3 0 . 39742872 
12 0 . 0 3 8 74628 
1 5  0 . 4 3 6 1 7 500 
B VALUE STO E RROR 
0 . 9 7 1 95 4 7 7  
0 . 02687805 0 . 04 4 7 85 7 1  
-0 . 3 3 042 1 9 3  0 . 0 7 3 9 7 7 7 1 
0 . 0080 3 529 0 . 0 5 3 82290 
C (  P )  
C (  P )  = 
C( P )  = 
1 . 1l 6 3 2 2 7 5 5  
M E A N  SQUAR E 
0 .  392704 1 7  
0 . 00 3 1 0506 
TYPE I I  SS 
0. 392704 1 7  
2 . 02228788 
MEAN SQUARE 
0 . 1 98 6 7 8 3 8  
0 . 00298602 
TYPE I I  SS 
0 . 004 65259 
0. 3 9 3 7 8 7 5 7  
4 . 00000000 
MEAN SQUAR E 
0 . 1 324 7624 
0 . 00322886 
T Y P E  I I  SS 
0. 00 1 1 6296 
0. 0644 1 '166 
0 . 0000 7 1 96 
TilE ABOVE HODE L  I S  Tit£ B E ST 3 VAR I ABLE HODE L  fOUN D .  
PROB> f 
1 26 . 4 7 0 . 000 1 
f PROB> f 
1 26 . 4 7 0 . 000 1 
F PROB> F 
66 . 5 4  0 . 000 1 
F PROB > F  
1 .  5 6  0 . 2 3 4 0  
1 3 1 . 88 0 . 000 1 
f PROB> F 
4 1 . 03 0 . 000 1 
F PROB> F 
0 . 3 6 0 . 5596 
1 9 . 95 0 . 0008 
0 . 02 0 . 88 38 
The one var iable model is cho sen becau se R square f o r  two or three var iabl e  




2 7 1  
Table E . l  
Cal ibrat ion of Ram vs . T es t ing Machine 
Ram Pressur e Average Machine Aver age Mac h ine % error 
· Ob servat ion ( p s i) Load Jack ( 1) Load Jac k ( 2 )  
( 1b s)  
1 0 0 0 0 
2 100  1 , 018 9 90 % 2 . 80 
3 2 00 2 , 044  1 , 9 2 5  % 6 . 10 
4 3 0 0  3 , 03 4  3 , 07 0  %1 . 18 
5 4 0 0  3 , 9 5 6  3 , 9 2 4  %0 . 80 
6 500 4 , 9 7 2  5 , 09 7  % 2 . 50 
7 600 6 , 016 6 , 09 2  %1 . 2 0 
8 7 00 7 , 054 7 , 15 0  % 1 . 3 5 
9 800 8 , 128 8 , 13 9  %0 . 13 
10 900  9 , 160 9 , 13 0  % 0 . 3 2 
11 1000 10 , 2 3 0  10 , 2 7 8  % 0 . 4 7 
12 1100 1 1 , 2 9 0  11 , 2 3 0  % 0 . 5 3 
13 1200 12 , 42 0  1 2 , 3 3 0  % 0 . 7 3 
14 13 00 13 , 43 0  13 , 3 0 0  % 0 . 9 7  
1 5  1 4 0 0  14 , 4 8 0  14 , 38 3  % 0 . 6 7  
1 6  1 5 0 0  1 5 , 53 0 1 5 , 4 8 3  % 0 . 3 0  
17 1600  16 , 63 0 · 16 , 4 7 0  % 0 . 97 
18 1 7 00 1 7 , 7 20 1 7 , 500 % 1 . 25 
19 1800 18 , 8 60  18 , 67 3  % 1 . 00 
20 1 9 00 19 , 9 4 0 - 19 , 67 5  % 1 . 34 
21 2000 2 0 , 810  2 0 , 7 08 % 0 . 4 9 
22 2 5 0 0  2 5 , 9 2 0  2 5 , 6 7 8  % 0 . 94 
23 3 000 3 1 � 2 8 0  31 , 000 % 0 . 9 0  
24 3 50 0  3 6 , 800 3 6 , 2 9 0  % 1 . 40 
25 4000 4 2 , 280 41 , 4 8 0  % 1 . 92 
26 4500  4 7 , 44 6  4 6 , 7 7 3  % 1 . 43 
27 5 00 0  5 2 , 700 5 2 , 13 0  % 1 . 09 
2 7 2  
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